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1 Introduction 



In this paper we study the elliptic representation of the sixth Painleve equation 
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(PVI). 



Though the elliptic representation of PVI has been known since R.Fuchs [||, in the literature there is no 
general study of its analytic implications. To fill this gap, we study here the analytic properties of the 
solutions in elliptic representation for all values of a, (3, 7, 5 and we derive their critical behavior close to 
the singular points a: = 0, 1, 00. Moreover, we solve the connection problem for generic values of a, /9, 7, 5 
and for the special (non-generic) case (3 — ^ — 1 — 25 — 0, which is important in 2-D topological field 
theory. 



The six classical Painleve equations were discovered by Painleve |2£ 
all the second order ordinary differential equations of the type 



and Gambler [B|, who classified 
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dx^ 
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where TZ is rational in a; and y. The Painleve equations satisfy the Painleve property of absence of 
movable branch points and essential singularities. These singularities will be called critical points: for 
PVI they are 0,1, cxd. The behavior of a solution close to a critical point is called critical behavior. A 
solution of the sixth Painleve equation can be analytically continued to a meromorphic function on the 
universal covering of P^\{0, 1, cxd}. For generic values of the integration constants and of the parameters 
in the equation, it can not be expressed via elementary or classical transcendental functions. For this 
reason, it is called a Painleve transcendent. 

The Painleve equations turned out to be important in physical models, since the works ||2^ [p6| . 
The reader may find a review of the physical applications in fl^ . More recently, the Painleve 6 equation 
found applications in topological field theory and Frobenius manifolds Q, 

The first analytical problem with Painleve equations is to determine the critical behavior of the tran- 
scendents at the critical points. Such a behavior must depend on two parameters, which are integration 
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constants. The second problem, called connection problem, is to find the relation between the couples 
of parameters at different critical points. The method of isomonodromic deformations developed in [ p^ 
p!?! was applied to the Painleve 6 equation in , to solve such problems for a class of solutions of P VI 
with generic values of the parameters. The non-generic case (3 = J = 1-26 = is studied in H fl) 
for its applications to topological field theory. Studies on the critical behavior can be also found in [135| . 

In the present paper we show that the elliptic representation is a valuable tool to study the critical 
behavior of the Painleve 6 transcendents. We obtain results which include the results of and 
extend the class of solutions to which they apply. On the other hand, we needed to use the isomon- 
odromic deformation theory to solve the connection problem, to be formulated below, for the elliptic 
representation. 

The elliptic representation was introduced by R. Fuchs in B . Let 
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, d 1 



be a linear differential operator and let p(z; uji, UJ2) be the Weierstrass elliptic function of the independent 
variable z € P^, with half-periods uji, 0^2. Let us consider the following independent solutions of the 
hyper- geometric equation Clu = 0: 



where F (i, i, 1; a;) is the standard notation for the hyper-geometric function. R.Fuchs proved that the 
Painleve 6 equation is equivalent to the following differential equation for a new function u{x): 
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The connection to Painleve 6 is given by the following representation of the transcendents: 



u{x) 



UJi{x),UJ2(x) 
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We review these facts in section |[ 

The algebraic-geometrical properties of the elliptic representations where studied in [ p2[ . Neverthe- 
less, the analytic properties of the function u(x) have not been studied so far, except for some special 
cases. The most simple case isa = /3 = 7 = l — 25 = 0. The function u{x) is a linear combination of wi 
and u)2- This case was well known to Picard and the critical behavior was studied in A more 
general case was studied in pT[ |, for /3 = 7 = 1 — 25 = and a any complex number. The motivation 
of was that this case is equivalent to the WDVV equations of associativity in 2-D topological field 
theory introduced by Witten Dijkgraaf, Verlinde E., Verelinde H. ||^ and it has applications to 
Frobenius manifolds Q and quantum cohomology 

In this paper, we study the analytic properties of u{x) and we compute the critical behavior of the 
transcendents for any value of a, /3, 7, 5] moreover, we solve the connection problem in elliptic represen- 
tation for generic a, /3, 7, 6 and for /3 = 7 = 1 — 25 = 0. 

1.1 Our results 

1.1.1 Local Representation 

The equation C{u) = has a general solution uq = '^vi'^i + 21/2^2, J^i, ^^2 € C. We look for a solution of 
(Q) of the form u{x) = 2viuji -t- 2i/2W2(x) -|- 2v{x), where v{x) is a perturbation of uq. Let Cq := C\{0}, 
Co the universal covering and let < r < 1. We define the domains 



T>{r\Vi,V2) 



X e Co such that Ixl < r. 



< r 



(2) 
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X>o(r) e Co such that |a;| < r| (3) 

We observe that the translations i^i i^i + 2Ni, i — 1,2, Ni G Z do not change a transcendent in the 
eUiptic representation 

1 + X 

y{x) = p{iyiuji{x) + i^2i^2{x) + v{x);uji{x),uj2{x)) H —. 

This is a consequence of the periodicity of the p-function. Therefore, one can take < dii'i < 2, i — 1,2. 
Nevertheless, we don't need to suppose such a range explicitly. Only in the case 3z^2 = we need to 
suppose that < < 2. Finally, let us introduce the following expansion: 



r 1— "1 



n>0.m> 1 



' ' (4) 



n>0,m>l 



Theorem 1: Let vi, V2 he two complex numbers. 

I) For any complex vi , V2 such that 3j/2 ^ there exist a positive number r < 1 and a transcendent 

/ \ 1 X 
yix) = p[yiui{x) + V2UJ2{x) +v{x;vi,V2); ui{x),U2{x)j H — 

such that vix; Vi, 1/2) is holomorphic in the domain 'D{r; Vi, V2) O'^d it is given by the expansion (Qj which 
is convergent in 'D{r;vi,V2). The coefficients a„, ^nm; c„m, i — 1,2, are certain rational functions of 
V2- Moreover, there exists a positive constant M{i'2) such that 



(1^1+ ""'^"(^)''' ^^'D{r;v,,V2) (5) 



\v{x;vi,V2)\ < M{v2) \ \x\ + 

II) For any complex vi and real V2, with the constraint Q < V2 < 1 or 1 < V2 < 2, there exists a 
positive r < 1 and a transcendent 

(\ 1 X 
VlLOl{x) ^ V2l.02{x) + v{x;Vl,V2); LLll{x),bJ2{x)j ^ , if Q<V2<1 

or 

/ \ 1 ~[~ ^ 
y{x)^p\vii.oi{x) + V2UJ2{x)+v{x;-vi,2-V2); uji{x),bj2{x)j ^ —, if 1<V2< 2 

such that v{x; Vi, V2) and v{x; ^Vi, 2 — V2) are holomorphic in ^^{r), with convergent expansion (Qj and 
bound ^ (for 1 < V2 < 2 substitute Vi ^ —Vi, 1/2^2 — 1/2). 

Note that in the theorem 

1^2 ^ 0, 1 

We stress that in case II), if 1^2 is greater that 2 or less then 0, we can always make a translation 
z/2 i-^- 1^2 + 2N to obtain < 1^2 < 2 (on the other hand, if —27V < 2^2 < 2 — 2N, the formulae of case II) 
hold with the substitution 1^2 ^ 1^2 + 2N). 

Observation 1: As a consequence of the theorem, for any G Z and for any complex vi,i'2 such that 
3i/2 7^ 0, there exists rjv < 1 and a transcendent y{x) = p(^iu}i{x) + [1^2 + 2A^]cl;2(2;) + v{x;vi,V2 + 

2A^); uji{x),ljJ2{x)^ + in 'D{r;vi,V2 + 2N). By periodicity of the p-function we re- write the tran- 
scendent as follows: 

y{x) ^ pyiyiuji{x) + V2i^2{x) + v{x;vi,iy2 + 2N); uji{x),uj2{x)j H — in z/i, 1/2 + 2iV). 

Moreover, we will show in section ^ that if a transcendent has the elliptic representation 

1 + x 



y{x) = p(^iyiUJi{x) + V2UJ2{x) + v{x; vi, 1^2); uji{x),u!2{x) 
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in ^{r, ^1, 1^2) for some i>i, V2, '^i'2 7^ 0, then for any integer N there exists v'l (depending on vi, V2 and 
K) such that the transcendent has also the representation 

v'-y'jJx(x)^V2ljJ2{x)+v{x\Vi,V2+2N)\ 'jJ\{x),ljJ2{x)^ H — 

mV{r, v[,V2 + 2N). 

Observation 2: Another consequence of the theorem is that for any complex vi , V2 such that '<sv2 7^ 
there exists y{x) = p{^—viLOi{x) + [2 — V2] uj2{x) + v{x] ~vi, 2 — V2); uji{x), ll12{x)^ + Again we use 
the fact that the p-function is periodic w.r.t. 2lj2 and it is an even function. Therefore the transcendent 
becomes 

(\ \ ^ X 
vhjJi{x)+V2UJ2{x)-v{x]~vi,2~V2)] tJi (x) , ^2 (a;) j H in ^(r; -1^1,2 - 1/2) 



Note that the series —v{x] —i^i, 2 — 1/2) is of the form 

2-1^2 



n>l n>0,m>l 



Eb r"^ 



E 



n>0,m>l 



(i) 



2^2 — 1 



where we have re-named the constants a„, fonm, Cnm- 

The domain I?(rjv; i^i, t^2 + 2A^) can be written as follows: 



(3ffz^2 + 2A^) In TrQi^i — Iutat < 3i^2 argx < 

16 



< {^1^2 ~l + 2N) In ^ - TT^i^i + In TAT, \x\ < 
16 



Therefore the domain I?(rjv, — i^i, 2 — 1^2 — 2A^) is 



{^V2 - 1 + 2iV) In " - InrAT < '^V2 argx < 



< (5Ri/2-2 + 27V)ln^-7r3i^i+lnrAr, \x\<rN 
16 



We can draw their picture in the (In '^V2 argx)-plane. See figure 



1.1.2 Critical Behavior 

It is possible to compute the critical behavior for x — s- of a transcendent of Theorem 1 . For simplicity, 
we consider x ^ along the paths defined below. Let 5z^2 7^ and V G C. We define the following 
family of paths joining a point xq G ^^{r] vi, V2) to x = 



3?i^2 - V , |x| 

arg X = arg xq H in - — r 

|xo| 



9/^2 



< V < 1 



(6) 



The paths are contained in I?(r; vi, U2). If 51^2 = any regular path contained in I'o(r) can be considered. 
Theorem 2: Let vi, V2 he given. 

If ^^^2 7^ 0, the critical behavior of the transcendent y{x) = p(i/iWi + i'2^2 + v{x;iyi,i'2)','-^i,'-^2) + 
(1 + x)/3 when x ^ along the path ^) is: 



ForO <V < I: 



x"^^ (l + 0(|x''=| + |xi"''^|)) 



(7) 



For V = 0; 



-+sm 



V2 , X TTVl ^ 

—I — In h > 



X X'^s 



m> 1 



(l + 0(x)). 



(8) 



4 




D^(V2+2[N+1]) 

Figure 1: The domains Pi (r; i/i, i/2 +2 A^) := Vir;ui,U2+2N),V2{r;ui,V2+2N) := V{r]-vi,2-V2-2N) 
and I?i(r; i'i. V2 + 2[A^ + 1]), 'D2{r] vi,V2 + 2\N + 1]) for arbitrarily fixed values of vi, 1/2, N. They are 
represented in the plane (In \x\, 3f2 argx + [ttSi^i + (3?t'2 + 2N) In 16]). 
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For V = I : 



y{x) =x sm I I ^ In — + — + 2^ 6om 

m>l 



(^) 



1 — 1^2 



{l + 0{x)). (9) 



Forv2 real we have two cases. ForO < V2 <1, the transcendent y{x) = p(yxLJi+U2ijJ2+v{x] i^i, ^'2); wi, ti;2) + 
(1 + x)/3 defined in 'Do{r) has behavior 



16^2- 



{l + 0{\x 



"^2 I _1_ 1^1 — ^2 



I)) , < < 1 



(10) 



For 1 < i/2 < 2, the transcendent y{x) = p{viWi + ^2^2 + v{x; —vi,2 — 1^2) ',(^1,0^2) + (1 + x)/3 defined 
in 'Do{r) has behavior 



y{x) 



(i + 0(|2.2-..2| + |2.^2-l|))^ l<I/2<2 



(11) 



1.1.3 The Critical Points a; = l.oo 



Theorem 1 and 2 deal with the point x = 0. We now turn to the other critical points. Let us define 
LO^^ := LOi, LO^^ := UJ2; oj^^ := L02, Wj"^^ := coi and := loi + aj2, co^^ := 012- We construct solutions 

^=u['^u:['\x) + ui'^4'\x)+v^'Hx) 
in a neighborhood of a; = 1, and solutions 

^ = ty[°^'>u,[°^\x) + 4°^'>4°^\x) + v'-^Hx) 
in a neighborhood of x = 00. Let Pj := P^\{i}, i = l,oo, and let be the universal covering. 



Theorem 3: (In a Neighborhood of x = 1). For any com,plex such that Qi'j 7^ there 

exists a transcendent y{x) — p{y\^'' uj'"^^ +7^2^-' tjj^' + ^(^'(a;; ^'2^-');a)J^-',u.-'2^') + such thatv^^\x) 
is holomorphic in the domain 

V{r; i/f \ i/^^^) := {xeP\ such that |1 - a;| < r, 



(1) / 1 — a; 



16 



< r, 



(1) / 1 — a; 



16 



< r 



where it has the convergent expansion: 

v^'\x;u['\4'^)=^an{l-xr+ ^ 6„™(1 - x)" 



n>l 



n>0,m>l 



(1) / 1 — a; 



16 



(1) 



+ 



n>0,m>l 



(1) / 1 — a; 



16 



(12) 



For any complex and real v^^^ with the constraint < 1^2^^ < 1, there exists a sufficiently small 
r and a transcendent y{x) = p{iy[^'' uj[^^ + 1^2^^ lu2^^ + v^^^ {x; u[^\ U2^^ )) + [we omit half-periods for 



semplicity] such that v^^\x;u[ ,1^2 ) is holomorphic 



m 



'Do(r) := |a; e Pj such that |1 — a;| < r| 
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where it has convergent expansion (IS). 



For any complex i^^^' and real v^^'^ with the constraint 1 < v^2^ < 2, there exists a sufficiently small r 
and a transcendent y{x) — piv^^'' lo''-^^ + v'"2^ (^''2'' — \ 2 — i^2^'')) + ii^ such that v^^^ (x; — v^^ , 2 — 

^2^')) ^■^ holomorphic in 'Do{r), where it has convergent expansion ([TJj with the substitution (vl^^^ , J^2^'') ^ 

(In a Neighborhood of x = 00). For any complex ^^2°°^ such that Qt^2°°^ 7^ there exists 

a transcendent y{x) — p(i/{°°''cjj°°'' + v^^^'^uj^^ + v^°^\x]v^\v^^);ijj'f°\uj^^) + such that 
^(00)^^. j^(oo)^ j^(oo)-j holomorphic in 



v{r-Mr\^t^)--^ 



i=o) /16 



la; M < r, 



< r 



,(=) /16 



a; 



(~) 



where it has the convergent expansion: 

x^v^-\x;.^r\-t^) = Y.^4- 



n>l 



Ti>0.m> 1 



„(=o) / 16 



E 



(13) 



Jbr any and rea/ J^2°°^ with the constraint < 1^2°°'' < 1; i/iere exists a sufficiently small r and a 
transcendent y{x) = piv'T^ uj'f '' + v^^^ uj^^^ + v^^Kx; z.{°°\ 4°°^)) + ^ such that v^^\x- 4"^) 
is holomorphic in 

'Do{r) :— |a; € Poo such that \x^^\ < r| 

where it has convergent expansion (|7^. For any and reaZ 1^2°°^ with the constraint 1 < 1^2°°^ < 2 

t/jere exists a sufficiently small r and a transcendent y{x) = p{v'f°'^ oj^^ -\- v^'r^"^ uj^^ ~\-v^°°\x; — 2 — 
^2°°'')) + ''^3^ SMc/i t/iat u*^""-* (a;; — 2— ^'2°°^) is holomorphic inDo^r) where it has convergent expansion 
([J^ wii/i t/ie substitution {i>[°°\ ly^f^"^ ) i— > (— ;yj°°\2 — i^2°°^). 



Note: We have used the notations I?(r; z^i, 1^2) for the domains both at x = 0, cc = 1 and x = 00. We 
beheve this will not confuse the reader, because it is always clear which is the critical point we are 
considering. Note that i^^^-* comes with sign changed w.r.t. i^i at a: = 0; this is due to the definition of 
, ,(1) 



In section ^ we also compute the critical behaviors for x 1 and x — > 00. 



1.1.4 Connection Problem 

The elliptic representation allows us to obtained detailed information about the critical behavior of the 
Painleve transcendents. On the other hand, the local analysis does not solve the connection problem. 
This is the problem of determining the critical behavior of a given transcendent at both a; = 0, a; = 1 and 
X = 00. In our framework, we ask if a transcendent may have, at the same time, three representations 

y(.) = p(.rc.r + .fc.f + + 
= p(.fM^) + .«c.« + .W) + i±^ 
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in the domains of Theorems 1 and 3. Moreover, we look for formulae which connect the three couples 
of parameters {i^[^\v2^^), {v[^\p2^^), pff^^ ) . 

The connection problem may be solved using the method of isomonodromic deformations. Works on 
this problem are jl^, 0| and jl^. The PVI is the isomonodromy deformation equation of a Fuchsian 
system of differential equations 



dY 

dz 



Aoix) A^{x) Ai{x) 



Z — X 



Y 



The 2x2 matrices Ai{x) [i — 0, a;,l are labels) depend on x in such a way that the monodromy 
of a fundamental solution Y{z, x) does not change for small deformations of x. They depend on the 
parameters a, (3, 7, 5 of PVI as follows: 

Ao{x) + Ai{x) + A^(a;) = - i (^^ _^ ^ , eigenvalues of A; (a;) ^ « = 0, 1, x 

In section ^ we solve the connection problem for the elliptic representation for generic values of a, 
P, J, S . More precisely, by generic case we mean: 

The signs ± vary independently. This is a technical condition which can be abandoned (except for 
1^2*'' ^ Z) at the price of making the computations more complicated. For example, the non-generic case 
/3 = 7 = 1 — 2(5 = and a any complex number was analyzed in for its relevant applications to 
Frobenius manifolds and quantum cohomology. We will review it in the paper. 

To summarize the results for the generic case, we first observe that the critical behaviors provided 
by the elliptic representations along regular paths (except special directions for V = 0, 1, see Theorem 2 
and section 6.1)atx = 0,x = l and a; = 00 respectively are 

y(x) — a^^'^x"'^ ' (1 + higher orders in x), x — > (15) 

y(x) = 1 — a^^\l — x)'^2 ' (1 + higher orders in (1 — a;)), a; ^ 1 (16) 
y{x) = a'-°°^x^^'''^ '(1 + higher orders in x^^), x ^ 00 (17) 
and the parameters are given by 

(0) ,r,\ (0) 1 - (1) /i\ (1) 1 ■ (°°) / ^ (°°) 1 

If is real, the behavior is as above when < 1/2^ < 1. Otherwise, when 1 < z^j'' < 2 it is: 

^_ (0) 

y{x) — 'x "2 (1 + higher orders in a;), a; ^ (18) 

y(a;) = 1 - a(^^(l - a;)^"''2''(l + higher orders in (1 - a;)), a; ^ 1 (19) 
2/(x) = a'-°°^a;''2 '^^(1 + higher orders in x^"^), a; ^ 00 (20) 



with 

(0) ln\ 1 (0) - (1) n\ 1 (1) - (00) / > 1 (00) 

Note that the ambiguity v[^'' 1-^ i^l^^ + 2k, k integer, is natural, because w'*^ (a;) does not change and the 
p-function is periodic. 

Let Mq, Ml, Mx be the monodromy matrices at z = 0,1, a;, for a given basis in the fundamental 
group of P^\{0, 1, X, 00}. Such basis is chosen as in figure 0. 
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If 

Oq, Ox, Oi, 6oa 

there is a one to one correspondence between a given choice of monodromy data 9o, Ox, Oi, Oao, iv^M^Mx), 
tr(MoMi), tr(MiMa;) and a transcendent y{x). Namely: 

y{x) = y{x; 0o, 0., ^i, ^oo, tr(AfoM,), tr(MoMi), tr(MiM,) ) (21) 

We prove that such a transcendent has elliptic representations at a; = 0,1, oo, provided that (|l^ ) is 
satisfied. The three sets of parameters i^f'), i — 0, 1, cxd are functions of the monodromy data 6*0, 
dx, di, 6*00, tr{MoMx), tr(MoMi), tr(MiM^). Namely, we show that 

2cos(7ri/^"^) = -tr(MoMx), 2cos(7r4^^) = -tr{MiMx), 2cos(7rzyf^) = -tr(AfoMi) (22) 

aW = a«(i.«;0o,^=.,^i,^?oo,tr(AfoAf,),tr(MoMi),tr(AfiM,)), z = 0,1, oo 

The formulas of a^*^ are quite long, so we do not write them here. They depend on the monodromy data 
through rational, trigonometric and F-functions. In particular, z/j enters explicitly. The procedure for 
computing such formulae is given in the Appendix. We note that the condition ^ Z is equivalent to 
tr(M,Mj) ^ ±2. 

Conversely, we prove that a transcendent y{x) given by its elliptic representation close to one critical 
point is a transcendent (^) for some monodromy data. This follows from the consideration that the 

couple {vi \i^2^) is given at the critical point x = i, and 6*0, Ox, Oi, Ooo are fixed by the equation PVI 
we are considering. From these data we can compute tr(AfoMr), tY{MiMx), tr(MoMi). One of the 
traces is — 2 cos(7ri^2*'')7 the others depend on z^J*' , i/j*'' , 9q, Ox, Oi, Oca through rational, trigonometric 
and F-functions. The formulae are rather long, so we refer the reader to the Appendix. In this way 
the transcendent ( pT| ) is obtained. From the monodromy data we compute the couples (vi \ V2 ^) at the 
other two critical points and we get the the elliptic representation of the initial transcendent at the other 
critical points. Therefore, the connection problem is solved. 

Note that if we start from the elliptic representation at one critical point, say for example x — Q, then 
^i"' I ^2°^ ^'^^ given. As explained above, we can compute the monodromy data and from them we compute 
v^'^ and a^^^ (then v^'^) at the other two critical points. As already observed, the ambiguity z^p-* 
z/j"''' + 2k (fc integer) does not change the elliptic representation. On the other hand, the ambiguities 
^2"''' 1-^ ^ + 2N {N integer), ^ i-^ —v'-f' and the ambiguity in the choice < "^v^p < 1 or 1 < 
"^v^-P < 2, which results from the cosines in (^2|), is due to the fact that the same transcendent has 
different elliptic representations in different domains (the choice of determines the representation 
and the domain!). 

To conclude the discussion of the generic case, some comments about our extension of previous known 
results are in order. The critical behavior for a class of solutions to the Painleve 6 equation was found 
by Jimbo in for generic values of a, /?, 7 (5. A transcendent in this class has behavior: 

?/(x) =a(")x^-"'°'(l + 0(|x|*)), x^O, (23) 

y{x) = \-a^'-\\-xf-''''\\^0{\\~x\^)), x \, (24) 
y{x)^a^°°^x-^''°°\\ + 0{\x\-^)), x~^oo, (25) 
where (5 is a small positive number, a*-*-* and cr*^*) are complex numbers such that a^*) 7^ and 

< SRct**) < 1. (26) 

We remark that x converges to the critical points inside a sector with vertex on the corresponding critical 
point. The connection problem, i.e. the problem of finding the relation among the three pairs (cr^*\ a*^*-*), 
« = 0, 1, 00, was solved in for the above class of transcendents using the isomonodromy deformations 
theory. Actually, a transcendent in the class above coincides with a transcendent (pT]). In particular 

2 cos(7rcr(")) = tr(MoA4), 2 cos(7rCT(i)) = tr(A//iA4), 2 cos(7rcr(°°)) = tr(AfoA/i) 
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and 

a« = a«(a«;0o,^x,ei,0co,tr(MoM,),tr(MoMi),tr(MiM,)), z - 0,l,oo 

For the formulas of a'*-* we refer to [l5| ]. The monodromy data are restricted by the following condition, 
equivalent to (p6|): 

\tT{MiMj)\ < 2, ^{tiiMiMj)} -2 (27) 

As explained above, we have shown that the transcendents (|2^) have elliptic representation. There- 
fore, Jimbo's transcendents are included in our class of transcendents obtained by the elliptic represen- 
tation. Observe that the behaviors (H)-® are included in the behaviors (and (|l|)-(|^), 
which hold for any ^ ^ (—00,0] U {1} U [2,-foo). Therefore the condition ( |2^ ) is extended to any 
(j^*^ G C such that u'*' ^ (— cxd,0] U [1,4-cx)). This corresponds to the fact that we have solved the 
connection problem for any complex value of tr(MiMj) with the only constraint tr(Miil/j) ^ ±2. This 
condition extends (|27|). 

To be more precise, the condition i^j'-* 7^ 1 is equivalent to tT{MQMx) 7^ 2 at x = 0; to tr{MiMx) ^ 2 
at a; = 1; to tr(MoMi) 7^ 2 at x = 00. Nevertheless, in the case tr{MiMj) = 2 the critical behavior 
and the solution of the connection problem were achieved by Jimbo. Unfortunately, the condition 
^ 1 which we had to impose to study the elliptic representation (except for non-generic cases like 
/3~'j = l — 2S = 0) does not allow us to know the analytic properties and the critical behavior of the 
elliptic representation in this case. We expect that the properties of u{x) are such to exactly produce 
the critical behavior found by Jimbo for tr(MiMj) = 2, but we still have to cover this case. 

The condition vt^^ (and 2), implies that we can not give the critical behaviors (and the elliptic 



representation) of (21) at x = for tr(MoMj;) = —2; at x = 1 for tr(MiMr) = —2; at x = cx) for 
tr(MoMi) = —2. To our knowledge, these cases have not yet been studied in the literature. 

To conclude, the results of ||l^ together with our extension provide the critical behaviors and the 
solution of the connection problem for the transcendents (|2|) in the generic case for 

any value of tr(M^Mj) ^ -2 

which corresponds to exponents 

cr(*) e C such that ct^^^ ^ (-c», 0) U [1, +00). 



We turn now to the special case /3 = 7=1 — 25 = 0, important for its applications to topological 
filed theory, Frobenius manifolds Q and quantum cohomology |19 In this case is fully studied in 

We can give a representation of u(x) in a domain which is wider than the generic case. Namely, at 
a; = 0, the domain is 



X e Co I |a;| < r. 



16 



16 



< r 



In this domain v[x) is holomorphic with convergent expansion 

2-1^2" 



v{x) 



n>l 



E 



E 



^ VI6 



If V2 is real, the value = 1 is now allowed, namely, the constraint is V2 ^ (—00, 0] U [2, +00). Therefore, 
by periodicity of the p- function we can assume < 5fti^2 < 2, 7^ 0. A similar result holds at a; = 1 
and X = 00 (see section 8.2). 

According to 0, we define 2 - x\ := tr MqM^, 2 - x\ := tr MiM^,, 2 - x^ := tr MqMi. There 
is a one to one correspondence between triples (xq, xi, Xoo) (defined up to the change of two signs) and 
Painleve transcendents, provided that at most one Xi is zero and not all the Xi are ±2 at the same 
time. Therefore we write y{x) = ?/(x; xq, xi, Xoo). We show that one such transcendent has elliptic 
representations (half-periods are understood) 

2/(x;xo,xi,x..) = p(.f c.r(^) )) + ^^ 



p{.['^u;['\x)+4''J^\x) + v('\x;u['\4'^)) + 



,(1), ,(1) 



(1) 



1 + x 



(28) 
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The parameters V2 obtained from 



2 

cosTTi/^*^ ^ - 1, Q<^v'i^ <l, i = 0,1,00 



Note that the condition Xi ^ ±2, i = 0, l,oo, corresponds to z^j'"* 7^ 0- The parameter is obtained 
by the formula 



(0) 



.rM 1 2 



2sin(7r.("))r2 (^3 _ ^ _ r2 (^1 + - 



(0) 



,(0) 



where 



f{xo,xi,Xoo){x^- e"""^ x-i) f{xo,xi,Xrx,) 



f{xQ,Xi,Xoo) 



X-^ ^" -^oo -^O'^l'^oo 2 

Moreover, exp{— iTri/j;^''}, exp{i7r;/J°°''} are given by an analogous formula with the substitutions (xg, xi, Xoc 
(xi, xq, xqXi — Xoc), 1^2^^^ '-^ v'-i^ and (xQ,x\^Xoa) ^ {xoa,—x\.,XQ — x\Xoo)-: ^ respectively. 

The most general choice of is < 3fJi^2 < 2. This corresponds to the fact that the transcendent 
2/(a:; xq, a;i, Xoo) also has three representations 

y{x,x,,x,^Xoc) = p{vTJ^\x)^vfJ^{x)+v^'\x,vT.-f)) + ^ 



p{i>['^J,'\x) + 4'^4'\x) + v^'\xA'\4'')) + 



l + x 



3 



where 



2 

cosTT^'^ = ^ - 1, 1 < 3?^-^'^ < 2, i = 0,1,00 



l + x 



The parameter i'^"'' is obtained by the formula 



■ -(0) 



4 I '^2 



2sin(^4°))r2 ( 1 - + £f ) r2 (-1 + ^ + if ) 



■ ~(o) 

2(1 -e-*"'^^ )- 



„ -(0) „ "I 

~f{x(),xi,Xoo){Xoo~e 2;^) /(a;o,a;i,a;oo)- 

exp{i7r£'|^^}, eicp{--iTrh'[°°^} are given by an analogous formula with the substitutions (xq , 2^1 , Xoo ) 
(xi, xq, xqXi —Xoo), '^2"'' ^ '^2^'' (s^o, a;oo) 1-^ (xoo, — a^i, 2^0 — a^ia^oo), ^'2"'' '^2°°'' respectively. 



The formulae above have limits for z^2 = 1, 1 ± 2/i + 2to, m integer. They are listed in subsection S.2 
Conversely, a transcendent 

y{x) = p{iyiJf\x) + ,^2io^f\x)+v^°Hx; ,^1,1^2)) at .t = (30) 

coincides with y{x; Xq, Xi, Xoo), with the following monodromy data. 
If < ^1^2 < 1: 

xo = 2 cos (^^^2) 
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Xi 



4-i'2 2 e'a"! 
/(j^2,Ai)G(i'2,M) 



4-1^2 2 e'^'^i 



where 



2sin^ 



3(7ri^2) + cos(27r/i) ' 



G(i^2,/i)=4- 



r 1 



2 , 



r(|-M 



f)r(i 



If 1 < 3fii/2 < 2: 



a;o = 2 cos (^^^2) 



41-''^ 2 Gi(z/2,/i) 



41-^ 2 /(i/2,/x)Gi(r/2,M) 

gif(i^2-i'l) 

.41-2 2 /(i/2,m)Gi(i/2,m) 



41-''^ 2 Gi(i/2,/i) 



i-|(!^2-l^l) 



e 2 



where 



Gi(i^2,M) 



1 



£2 

V 2 , 



4i-,.2 2r(i-M + f )r(- 



>2 f^' 2/^V 2'A^' 2 

After computing the monodromy data, we can write the eUiptic representations of xq, xi, Xqo) at 
X — \ and X = 00, namely (psj), (p9[). Since they are the elhptic representations at a; = 1, a; = 00 of (^0|), 
we have solved the connection problem for (pO|). 

We observed that there is a one to one correspondence between Painleve transcendents and triples of 
monodromy data (xq, xi, Xoo), defined up to the change of two signs, satisfying x^ ^ ±2, j = 0, 1, cxd, i.e. 

^ (and 2), and at most one Xi — 0. The cases when these conditions are not satisfied are studied 
in [E3l. However, if xi — ±2 (namely the trace is —2) the problem of finding the critical behavior at the 
corresponding critical point x = i is still open (except when all the three x^ are ±2: in this case there 
is a one-parameter class of solutions called Chazy solutions in p^ ). We conclude that the results of 
our paper (and |ll|), plus the results of ||2^ cover all the possible transcendents, except the special case 
when one or two Xi are ±2. We plan to cover this last case soon. 

Finally, we expect that in all non-generic cases we can solve the connection problem and express 
the parameters vi , V2 in terms of monodromy data. From the conceptual point of view nothing should 
change with respect to [|l5| |@] and the present paper; but the technical details may require a long 
time for computations. 



2 The Elliptic Representation 

We derive the elliptic form for the general Painleve 6 equation. We follow jsj. Let 



00 ^X{X-l){\-x) 



We observe that 



from which we compute 



du du dy du 



1 



dy du 



dx dy dx dx yjy{y - l)(y - x) dx dx 
d^u 2x — \ du u 



dx^ x(x — 1) dx 4x(x — 1) 



dx^ 



1 



1 



dy 



1 /I 



1 



(31) 



1 

X ' X— 1 y — X J dx '2 \y J/^l y ^ x 



dy^ 
dx 
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d^u 2x — 1 du u 
dx^ x{x — 1) dx Ax{x — 1) 

By direct calculation we have: 



d^u 2x — 1 du u 1 \/y{y — l){y — x) 



dx^ x{x — 1) dx Ax{x — 1) 2 x{x — 1) {y — x)"^ 
Therefore, y{x) satisfies PVI if and only if 



(Pu ^ 2x — 1 du ^ u \/y{y — ^ 

dx"^ x{x — 1) dx 4:x{x — I) 2x^(1 — x)^ 



x—1 ( ^ l\ xix — V) 



y2 '(y-l)2 V 2; 

(32) 

We invert the function u — u(y) by observing that we are dealing with an elliptic integral. Therefore, 
we write 

y = f{u,x) 

where f{u,x) is an elliptic function of u. This implies that 

dy 



The above equality allows us to rewrite ( |32| ) in the following way: 

d^u du 1 1 d . . 

where 

x) := 2af{u, x) - 2/3—^ + + (1 - 2(5)- " 



/(m, a;) /(u,x)-l f{u,x)-x 

The last step concerns the form of f{u,x). We observe that 4A(A — 1)(A — x) is not in Weierstrass 
canonical form. We change variable: 

A = ^ + ^, 

and we get the Weierstrass form: 

4XiX^l){X~x)=it^-g2t-g3, g2 = ^{1 - x + x^), := ^{x - 2)i2x - + x) 

Thus 

u dt 



2 J 00 \J 4*3 - git - g-i 

which implies 

1 + a; 



We still need to explain what are the half periods uJi, L02. In order to do that, we first observe that the 
Weierstrass form is 

4*3 _ g^t - 53 = 4(* - ei)(t - e2)(t - 63) 

where 

2- X 2x~\ 1 + x 

Cl = , 62 = , 63 = . 

3 ' 3 ' 3 

Therefore 



g := \Je\ — 62 — I, n :— = x, k := 1 — k = I — x 

ei - 63 

We identify ei — p{lui), 62 — p(wi +^2), 63 = p{uj2)- Therefore, the half-periods are 

5io vi^-e)ii-^^e) Jo vi^-e)ii-xe) 
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UJ2 



^(i_^2)(i_^,2^2) Jo ^{i-e){i-{i-x)e) 



iK(l-a;) 



The elliptic integral K(x) coincides, up to a factor, with the hyper-geometric function _F(i,i,l;x), 
whose convergent series for |a;| < 1 is: 



2' 2 



ml 



Namely: 



Moreover, K(j:) and K(l — a;) arc two linearly independent solutions of the hyper-geometric equation 



x(l — x)ijj" + (1 — 2a;)a;' — —a; = 0. 



Observe that for |arg(x)| < tt: 



1 1 



2' 2' 



-,-,l;l-x -,-,l;x ln(x)-H^^i(x) 



1 1 



where 



^i(-) W 



n=0 



2' 2' 



(i /l\ "^^ 1 

V'(z) = ^lnr(z), V4 2) =-7-21n2, i/.(l) = -7, ^(a + n) = V^a) + — ^ • 



Therefore 



c^2(a:) = --[F(i,i,l;a:)ln(x)+Fi(a;)] 



In the following we use sometimes the abbreviation F{x) for F (i, i, 1; a;) . The series of F{x) and F\(x) 
converge for I a; I < 1. 



Let 



The PVI equation becomes 



N / N rf^w / ^du \ 

L[u) := x{\ - x)—, + (1 - 2x)— - -u 
ax^ dx 4 



1 
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2a;(l — x) du 



2a 



2/3- 



l-cc 



We recall that 



1 1 



+ (i-25)-T7r 



p (f ; wi, W2) - 63 

x(l — a;) I 



p(§)-e3 (ei - e3)(e2 - 63) 
1 1 



p(f)-ei (ei - e2)(ei - 63) 
1 1 



p(|;wi,t^2) -62 
Q+-2)-e3 



(34) 



P 



P 1 2 + ^1 + ^2 ) - 62 



p(f)-e2 (ei - e2)(e3 - 62) 
We observe also that ei — 63 = 1, 62 — 63 = a;, ei — 62 = 1 — a:. Therefore, (|3^) becomes: 



£(u) = 



2x(l - x) 



9 



9 /w 



+27^P ( ^ + ^1 ) + (1 - 2'5)|-P ( ^ + c^i + C.2 



9u 



9u 



(35) 
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3 Proof of Theorem 1 



For technical reason it is convenient to introduce the foUowing definitions: 



I?i(r; 1^1, ^2) := s X e Co such that |x| < r, 



< r 



^2('"; V2) := <x Co such that |a;| < r, 



^2-1/2 



162-1^2 ■ 



^^^2 — 1 



< r 



(36) 
(37) 



Note that 'Di{r; vi, V2) = ^{r] vi, V2) in ^ and T>2{r; vi, V2) = 2?(r; — i^i, 2 — V2). Let 

t(x) = i(arga; - ^ In ^) + 0{x) 

be the modular parameter of the elliptic function, obtained expanding loi{x), lo2{x) at a; = 0. We 
expand the r.h.s of (|3^) in Fourier series. We are dealing with Weierstrass p-functions of the form 
p + eiwi + 62^02) , where £ {0, 1}, i — 1,2. Due to periodicity of p we are going to expand 

p + [ei + 27Vi] c^i + [£2 + 2iV2] ^^2) , e{0,l}, TV, e Z, i = 1,2 
As it is well known the Fourier expansion of the p-function is 

1 1 



p{z;uji,uj2) = ( — 



2 / TTZ 



n>l 



ne 



2i7rnT 



1 — COS 



mrz 



for 3t > 



-si 



Therefore, the expansion is possible provided that 

u{x) El + 2Ni 62 + 2iV2 



4wi(x) 



+ 



t{x) 



< ^t{x) 



(38) 



We observe that for a; ^ 



The condition (|3|) becomes 



3r(x) = - i In 14 + 0(x] +00 

TT 16 



- 3r < i^t/i + ^[£2 + 2N2 + ^1^2] 3t + i^t/a 3fiT + 3 

If 1/2 is real, we divide by 9r, we let a; — > and we obtain 

-2 - 2iV2 - £2 < 1^2 < 2 - 27V2 - £2 
provided that v{x) is bounded. In general, (^ ) becomes 

(5Ri.2 + 2 + e2 + 2iV2)lnM 
16 

< 3z^2 arg X < 



(39) 



(5RZ.2 - 2 + £2 + 2A^2) In ^ 
16 



0(x) 



0(x) 



(40) 



In the domain defined by the above condition, and < 1, we do the Fourier expansion as follows 

d 



(I + [£i + 2Ni]uji + [£2 + 27V2]c^2 



1 I n>l 



■ sm 



7rn ( — + £1 + (£2 + 2N2)t 



^{^+^l + i^2+2N2)T 



(2^ + ^i + (^2 + 27V2)r) 
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where 



[vi + £i) + {v2 + £2 + 2iV2)T(a;) + 



v{x) 

UJl{x) 



Note that Ni does not appear in the expansion. So, we can take A^i = in the foUowing. 
Now we make the further assumption that 



< 1 



(42) 



and we rewrite ([4l| ) as foUows: 



ITT 

2^ 



E 



2 i7rn[-(iyi+ei) + (2-i/2-£2-2Ar2)r-^] 



1-e 



27rnr 



- 1 



Due to ( [42[), t he denominator in the first term does not vanish, so that the expansion has no poles. The 
condition ([42|) is more restrictive than (Eoh and yields: 



{^V2 + £2 + 2iV2) In ^ 



0(x) 



< 3z/2 arg X < 



(g?j/2 - 2 + £2 + 2N2) In ^ 
16 



We observe that, for any complex number C, 

e'^^^'^^^ = h{xf 

where 





f t:v\ 











0{x) 



(43) 



16 



h{x) ■.= e^'^^^^^'''^) =l + 0{x), x^Q 



Therefore, 



d (u 
du 



pQ + i^i + 2Ni)uji + (£2 + 2N2)uj2) 



ITT 



^ojf {A - 



2 Tjn 



2n 



where 



A = A 



X, e 



T \ l'2+«2 + 2Ar2 „ 



S = S ( x,e-'"'^i (^^g 



/ 2; \ 2-v2-e2-2N2 



:= h{x) 
= /i(a;) 



!^2+e2+2Af2gi'r(ei + i^i) 
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2— 1/2— £2— 2A''2g — 



e "1 



2-l/2-£2-2Af2 



(44) 



(45) 



In the r.h.s. of equation (|3^), wc have four p-functions with different arguments. We recall that we 
can take A^i = 0. As for A^2, it can be different in each p- function. There are only two possibilities in 
order for the four resulting domains (E4) to intersect: the p-functions must be 



P 



Q+27V2C^2), p (_^^ + UJi + 2N2UJ2^ , p (_^^ + LJ2 + 2N^UJ2^ , p (^^ + UJi + UJ2 + 2N^UJ2^ 



and 



(a) : A^^ - A^2 



16 



or 



(b) : iV^ = 7V2 - 1 

Thus, the r.h.s. of ( p5[ ) is expanded in Fourier series if \x\ < 1, in the following domains. 
Case (a): 



Case (b): 



(5i^.2 + 2iV)ln^- 



< (5Ri.2 - 1 + 2iV) In ^ 
16 



{^1^2 - 1 + 27V) In ^ 
lo 



TTV 
UJl 



+ 0{x) < arga; < 
+ Oix), for 7V^ ^N2^:N 



(46) 



< {^1^2 -2 + 2N) In 



16 



- 0{x) < 5z^2 argx < 
+ 0{x), for A^2 + 1 = ^2 iV 



(47) 



Note that if SJf2 = any value of arg(x) is allowed, but dividing the previous expressions by In and 
letting a; ^ we have 

-2N <V2<l-2N for (a), 1 - 2iV < zy2 < 2 - 2A^ for (b) 



provided that v{x) is bounded fort a; ^ 0. Taking (44) (^5|) into account in the two cases, we conclude 
that: 

In case (a), for N'2 = N2 ~ N , the following powers appear in the r.h.s. of (^5|): 



The dominant powers are then 
and we can write (|35| ) as; 



2,i'2+2Af ^1-U2-2N 



C{u) = 



1 



2a;(l - a;)' 



T X, e 



/ T \ l-i'2-2Af . „ / T \ •^2+2N . „ 

VI6/ 



"1,6 



on the domain defined by < 1 and (pq), assuming that v{x) is bounded. 

In case (b), for N2 + 1 = N2 = N , the following powers appear in the r.h.s. of (Ba 



2-iy2-27V ^i>2+27V 3-i^2-2W U2~1+2N 



The dominant powers are then 



and we can write (|35| ) as; 



2x(l - a;) 



T { x,e 



^2-V2-2N ^W2-1+2N 



/ X \ 2-y2-2N 



VI6 



X \ V2-1+2N 



(^) 



e "1 



on the domain defined by |x| < 1 and ([47|), assuming that v{x) is bounded. 

Let e < 1 be sufficiently small: in both cases, J-{x,y,z) is holomorphic for |a;|,|y|,|z| < e and 
J^(0, 0,0) = 0. In (a) we decompose 

/ T \ 1-V2-2N . „ / T- \ 1^2+2^ . 



(5) 



' V16 



e 



X \ i^2+2Af 
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where 




We note that C{u) — C{uo + 2v)^C{uo) + 2C{v) = 2C{v). Let us put 



w(a:) := x—v{x) 




In the same way, in case (b) we obtain a similar system, where 

(±)--»..-.(±)"-«",,,,„) 

By construction, in both cases $(a;,j/, z) and '^{x^y,z,v,w) are holomorphic of their arguments for 
\x\, \y\, |z|, \w\ < e for sufficiently small e < 1 (assuming v{x) bounded in a neighborhood of .t = 0). 
Moreover 

$(0, 0, 0) = ^-(0, 0, 0, V, w) y, z, 0, 0) = 

We complete the proof of the theorem in case (a). Case (b) is analogous. We reduce the system of 
differential equations to a system of integral equations 




The point x and the path of integration are chosen to belong to the domain where |a;| , | i^i-u2-'iN '^^ | 
|_^_i^2;'^2+2Af|^ |ti(a;)|, are less than e, in such a way that $ and 4" are holomorphic. That such 

a domain is not empty will be shown below. In particular, we'll show that if we require that \x\ < r, 
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I -^qT-^x^ I < r, I ^^^^x'^'^ I < r, where r < e is small enough, also the solutions of the integral equations 
\v{x)\ and are less than e. Such a domain is contained in (E^. 



We choose the path of integration L{x) connecting to a;, defined by 

arg(s) = arg(a;) + ^ log 77' < |s| < |a;|, i^* e C 

~SV2 \x\ 



If X belongs to the domain (^) in case (a) and to (47) in case (b), than the path does not leave the 
domain when s — > 0, provided that Q <v* <1 va case (a), or 1 < i/* < 2 in case (b). If 9z/2 = we take 
the radial path args = argx, < |s| < namely v* — V2. The parameterization of the path is 



P e 



:|arga:^ 



< p < 



therefore 



\ds\ = P{V2 + 2iV, V*) dp, P{u2 + 2iV, u*) y 1 
For any complex numbers A, B we have 



^V2 + '2N -V* 



1 



L{x) 



{\s\ + \A. 



,l-i>2-2Af| 



Bs'^^+^^D" \ds\ < 



P{iy2 + 2N, 
nmm{i'*, 1 — i'*) 



The quantity min(i^*, 1 — v*) is substituted by min(j^* — 1, 2 — i^*) in case (b). To prove (| 
that on L{x) we have 



(48) 
we observe 



Va e C. 



Therefore 



1 

iLix) \s\ 

P{i^2 + 2N, V* 



< 



i + i{l — V*) + kv 
P(i/2 + 2iV, V*) 



s\'\As^~''^-^^\^\Bs''^+^'^\'' \ds\ = 

P{v2 + 2N, V*) dp p^-i+fi-"^ 
Jo 

— ixP lAxi-'^^-^iVp' \Bx''^+^^\'' 



from which 



( j + J + A:) min(z^* ,1 ~ v*) 
follows, provided that < i^* < 1. For 3i^2 = 0, this yields again < t^2 < 1- 



We observe that a solution of the integral equations is also a solution of the differential equations, 
by virtue of the following lemma: 

Lemma 1: Let f{x) be a holomorphic function in the domain \x\ < e, \Ax^~'^^~'^^\ < e, \Bx' 



< e, 



such that f{x) = 0{\x\ + \Ax'^-''-'-'^^\ + \Bx'"'+'^^\), A,B & C. Let L{x) be the path of integration 
defined above for < i^* < 1 and 

F{x) := / -f{s) ds 

JL(x) S 

Then, F{x) is holomorphic on the domain and ^^^^ — '^fix) 

The same holds for a function f{x) = 0{\x\ + |Ax2-'^2-27V| _|_ |5a;'^2-i+2Ar|) j„ ^/jg domain \x\ < e, 
\Ax^-''^-^^\ < e, iBx^^-^+^^l < e ( L{x) being defined for Kiy* <2). 

Proof: We give the proof in case (a). We choose a point x + Ax close to x and we prove that 
Il{x) ~ Il{x+Ax) ~ Ix~^^^ ' where the last integral is on a segment from x to x + Ax. We consider a small 
disk Uu centered at a; = of small radius R < \x\ and the points xji L(x)r)Uii, x'j^ := L{x + Ax)r)Uii. 
Since the integral of //s on a finite close curve (not containing 0) is zero we have: 



L(x) 



L{x+Ax) 



L{xr) J L(x'j^) J'y{xR,x'^) 



ds 



f{s) 



(49) 
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The last integral is on the arc 'y{xii,x'j^) from xr to x'j^ on the circle \s\ = R. We have also kept into 
account the obvious fact that L{xji) is contained in L{x) and L{x'j^) is contained in L{x + Ax). We then 
take i? ^ and we prove that the r.h.s. of (^) vanishes. 

Taking into account that f{x) = 0{\x\ + {Ax'^-"^-'^'^ \ + \Bx''^+'^'^\) and we have 



-fis) ds 



L(xr) 



< 



L(xr) 



-0{\s\ + \As 



< —. , rCdxfl 



min(j/*, 1 — u*) 

min(i/*, 2 — V*) 



Bs"^-+^^\) Ids I 
l) = 



The last step follows from \x^j^^'^^\ = ■^^^pp^i?" . So the integral vanishes for R 



proved for 



L{x+Ax)' 



As for the integral on the arc we have 



0. The same is 



I argxfl - argx^l 



argx — arg(a; + Ax) H j;: log 



Ax 

X 



or I argxfl; — argx^j = |argx — arg(a; + Aa;)| if 31^2 = 0. This is independent of i?, therefore the length 
of the arc is 0{R) and 



= o(i^min{^M-''*}) for ^ 

□ 

Now we prove a fundamental lemma. 
Lemma 2: For any N Cz Z and for any complex vi, vi such that 

V2 ^ (-00, ~2N] U {1 - 2N} U [2 - 2N, +oo) 

there exists a sufficiently small rpf < 1 such that the system of integral equations has a solution 
Ui(a;; i^i, 1^2 + 2N) holomorphic in the domain I?i(rjv; z/i, 1/2 + 2N) defined in (p^. Moreover, there 
exists a positive constant Mi {v2 + 2N) depending on V2 + 2 such that 

\vi{x-Vi,V2 + 2N)\ < Mi{iy2 + 2N) (^\x\ + 

in I?i(r; ^1,^2)- 

The system of integral equations has another solution V2{x; i'i,i'2 + 2N) holomorphic in 'D2{r; i^i, 1^2) 
defined in ^3^). There exists a positive constant M2{i'2 + 2N) such that 

\v2{x; vi,V2 + 2N)\ < M2{v2 + 2Ar) [\x\ + 

in T>2{r; vi, i>2). 

Note that V^{rj^;vi,V2 + 27V) = V^{riq]Vi + 2Ni,V2 + 27V), i = 1,2, for any A^i e Z. To prove 
Lemma 2 we need some sub-lemmas 

Sub-Lemma 1: Let ^{x, y, z) and ^'(a;, y, z, v, w) be two holomorphic functions of their arguments for 
kl, \y\, \z\, \v\, \w\ < e, satisfying 

$(0, 0, 0) = 0, *(0, 0, 0, V, w) = ^'(a;, y, z, 0, 0) = 

Then, there exists a constant c > such that: 

|$(x,2;,z)| <c (|x| + |y| + |z|) (50) 



/ ^\fis)\ \ds\ 

Jj{XR,x'j^) 1^1 



2-U2-2N 



IQV2-1+2N' 



V2-1+2N 
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\^{x,y,z,v,w)\ <c (|a;| + |y| + |z|) (51) 
\^{x,y,z,V2,W2) - ^{x,y,z,vi,wi)\ < c{\x\ + \y\ + \z\) {\v2 - vi\ + \w2 - wi\) (52) 
for \x\, \y\, \z\, \v\, \w\ < e. 



Proof: Let's proof (51). 



^{x,y,z,v,w) = I —'^{Xx,Xy,Xz,v,w)dX 
Jo "-^ 

-j—{Xx,Xy,Xz,v,w) dX + y -^(Ax, Aj/, Az, w, w) dX + z -j-—{Xx,Xy,Xz,v,w) dX 

Jq (^y Jo c*^ 



Moreover, for 6 small: 



f ^{C,Xy,Xz,v,w) dC 

— (Xx,Xy,Xz,v,w) = / 



gx"-'"^'""'""'"''"' J\r~\x\=5 (C-Ax)2 2TTi 



which implies that ^ is holomorphic and bounded when its arguments are less than e. The same holds 

1^1. The inequality 



1 ^* 1 


a* 


1 1 


\ dx\' 


dy 


1 dz \ 


x\,\y\: 







there exist two holomorphic and bounded functions ipi{x,y,z,vi,wi,V2,W2), '4'2ix,y, z,vi,wi,V2,W2) 
such that 

*(x, y, z, V2, W2) - *(x, y, z, Vi,wi) 

= {V2 - Vi) 'ipi{x,y,Z,Vi,Wi,V2,W2) + [Wi - W2) 1p2{x,y,Z,Vi,Wi,V2,W2) (53) 

In order to prove this, we write 

^'(x, y, z, V2, W2) - *(a;, y, z, Vi,wi) = 

^1 d 



,^ ^{x,y,z,Xv2 + (1 - X)vi,Xw2 + (1 - X)wi) dX 
dX 

/■^ a* 

= (v2 - vi) / —(a;, y, z, Xv2 + (1 - A)i;i, Aw2 + (1 - A)u;i) dX + 

/■^ a* 

+ (?«2-'U'i) / -— (x,?/, z, Aw2 + (1 - A)wi, Aw2 + (1 - A)wi) dA 
Jo 

= : (W2 - Vi) 1pi(x,y,Z,Vi,Wi,V2,W2) + (W2 - Wi) i>2ix,y,Z,Vi,Wi,V2,W2) 

Moreover, for small S, 

a* f *(a;,y,z,C,w) 
— {x,y,z,v,w)^ 77 72 TT- 

which implies that is holomorphic and bounded for its arguments less than e. We also obtain 
^(0,0,0,w,w) — 0, then V'l (0, 0, 0, wi, wi, W2, ^2) = 0. The proof for %};2 is analogous. We use ( p3| ) to 
complete the proof of (|52|). Actually, we observe that 

d 

ipi{x,y, z,vi,wi,V2,W2) = J —ilJi{Xx,Xy,Xz,vi,wi,V2,W2)dX 

'^^'^i^ f'^^^^x 
-^dX + y / — — rfA + z / -^dX 

ox Jo dy Jo dz 

and we conclude as in the proof of (pT|). 

□ 

We solve the system of integral equations by successive approximations. We can choose any path 
L{x) such that < z^* < 1 in case (a), or 1 < z/* < 2 in case (b). Here we complete the proof only for 
the case (a). Therefore, the solution v{x) we are going to find is vi{x; 1^1, 1^2 + 2N). Case (b) is analogous 
and we don't need to repeat the proof for it. It yields the function V2{x; vi,V2 + 27V). 
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We choose ly* = ^, therefore niin{j/*, 1 — v*} — i. For convenience, we put 



B 



lgl-f2-2Af' ■ IQV2+2N 

Therefore, for any n > 1 the successive approximations are: 

vo = wo = 



Wn{x) 



L(x) 



{$(s, As 



,Bs'''+^'' ,v^.i{s),Wn-i{s))] ds (54) 



Vnix) = / - W„(s) ds 
J L(x) S 



(55) 



Sub-Lemma 2: There exists a sufficiently small e' < e such that for any n > the functions Vn{x) and 
Wnix) are holomorphic in the domain 

Vi{e';vi,V2 + 2N) := |a; G Cq such that \x\ < e' ,\Ax^~''-'-^^\ < e' ,\Bx''^+^^ \ < e'} 
They are also correctly bounded, namely |f„(x)| < e, [^^(x)! < e for any n. They satisfy 

{2cY{2P{v2 + 27V))2" 



\V„ - Vn-l\ < 



{\x\ + \Ax 



Bx' 



V2+2N 



I)' 



(2c)"(2P(^2+2jV))^" l-.,-2^| ^ I o .,+2iV|V 



(56) 



(57) 



where P{i'2 + 2N) :— P{v2 + 2A^, v* = 1/2) and c is the constant appearing in Sub-Lemma 1. Moreover 



dvn 
x—— = w„ 

ax 



Proof: We proceed by induction. 

/ -^{s,As 

Jl(x) S 



') ds, Vi 



1 



wi{s)ds 



L[x) 



It follows from Lemma 1 and (|5^) that wi{x) is holomorphic for \Ax^ '^^ ^^|, |_Bx'^^"''^^| < e. From 
M) and (^ we have 



\Wi 



{x)\ < J ^|$(s,Asi-''^-2^,Bs''^+2^)| \ds\ 



< 2cP{iy2 + 2N){\x\ + \Ax 



1~U2~2N\ 



Bx''^+^^\) < &cP{v2 + 2N)e' < e 



on T>i{e';iyi,i'2 + 2N), provided that e' is small enough. By Lemma 1, also vi{x) is holomorphic for 
lAx^-'^-^^l iBx'^^+^^l < e and 

dvi 

X— = Wl 

dx 

By (^^ we also have 

\vi{x)\ < c{2P{v2 + 2N)f{\x\ + + |Sa;"^+2^|) < l2cP[v2fe' < e 

on Viie'; vi,V2 + if e' is small enough. Note that P(j^2 + 2iV) > 1, so (|^) (||) are true for n = 1. 
Now we suppose that the statement of the sub-lemma is true for n and we prove it for n + I. Consider: 



\Wn+l{x) ~ Wn{x)\ = 



f i r^(s,Asl-'^^"2iV^^^.2+2JV 
Jl{x) S 



V„,Wn)- 
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By (p^ the above is 



< c f ^i\s\ + lAsi-'-^-^^l + (|^;„ - v,,_,\ + \w„ - w^^,\) \ds\ 

Jl{x) \s\ 



By induction this is 



L(x) 



^ (2c)"(2P(.. + 2iV))^" ^ (|.| + 1^.— I + 
n! n + 1 

^ (2c)"-^^(2P(.. + 2iV))^("+^)^^^^ ^ ^ 



(n+1) 

This proves (p7|). Now we estimate 



|Wn+l(a;) - Wn(2;)| < / | W„+l (s) - W„ (s) | |ds | 
JL(x) 



(2c)"+i(2_f>2_^27V))2"+i 
(n+1)! 



(n + 1)! 

This proves (^6|). From Lemma 1 we also conclude that Wn and u„ are holomorphic in I?(e', i^i, j/2) and 

X—— = Wn 

ax 

Finally we see that 

n 

\vn{x)\ < J2 - yk-i{x)\ < exp{2c(2P(j.2 + 2iV))^(|x| + \Ax^-''--^^\ + \Bx''^+^^\)} - 1 < 



< exp{24cP^(i/2 + 2N)e'} - 1 

and the same for |w„(a;)|. Therefore, if e' is small enough we have |wn(a;)| < e, [^^(a;)! < e on 
V I {€',1^1,1^2) ■ 

Note that P{i'2 + 2-/V) grows as N^, so e' decreases as N^^. 

□ 

Let's define 

v{x) := lim := lim Wn{x) 

n — >oo n — ^00 

if they exist. We can also rewrite 

00 

V{x) = lim Vn{x) = y^iVnix) - Vn-l{x)). 

We see that the series converges uniformly in X>(6', z^i, 1^2 + 2A^) because 

00 

I'^iVnix) - Vn-l{x))\ 
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Z-^ r?,l 



n=l 



The same holds for Wn{x). Therefore, v{x) and w{x) define holomorphic functions in I?i(e', t^i, 1^2 + 2A^). 
From Sub-Lemma 2 we also have 

dv{x) 

X ; = W(X) 

ax 

in I?i(e',j/i,z^2 + 27V). 

We show that v{x), w{x) solve the initial integral equations. The l.h.s. of ( p4[ ) converges to w{x) for 
n — > cx). Let's prove that the r.h.s. also converges to 

/ - {$(S, Afil-^^-^AT^ ^^.,+2Ar) ^ ^^^^ ^sl--2-2iV^ B5"^2+2iV^ , «;(s)) } ds. 

We have to evaluate the following difference: 



(58) 



L{x) S Jl{x) ^ 

By (E^ the above is 



'Li 

Now we observe that 



< c / + + |B,s''^+2^|) - v„\ + \w- w„\) \ds\ 

Jl(x) \s\ 



'{x)-Vn{x)\< ^ \Vk-Vk-l\ 



\V[ _ 

fe=ri+l 



— (2c)'=(2P(i^2 + 2iV))2'= 



k! 

fc=n+l 

< [\x\ + \Ax^----^''\ + \Bx--+^''\r+^ (2c)''+"+lP(^2^+ 2Af)2(fc+"+l) (|^|^|^^2-..-2iV|^| jg^..+2Ar|)fc 

The series converges. Its sum is less than some constant S{h'2 + 2N) independent of n. We obtain 

\v{x) - vn[x)\ < S{v2 + 2N){\x\ + + |Ba;"^+2^|)"+i. 

The same holds for — t(j„|. Thus, ( p8| ) is 

< 2c S{iy. + 2N) f + lAs'-^'-^^l + |Ps'^^+2^|)"+2 \ds\ 

Jl{x) \s\ 

^ 2cSi.2 + 2N) 2P(.2 + 2A^) ^^^^ ^ |^,r-.-2.| + 
n + 2 

Namely: 

/ -'^{s,As^-'''-^^,Bs'''+^^,vis),w{s)) ds - f -^{s,As^"''-^^,Bs'''+^^,Vn{s),Wn{s)) ds 

^ 2c^(^2) 2P(^2 + 2N) +2 
n + 2 ^ ' 



In a similar way, the r.h.s. of (55) is 

1 



{w{s) - Wnis)) ds 

s 



^ S{i^2 + 2N) 2P{i.2) , 
~ n + 1 
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Therefore, the r.h. sides of ( |54| ) ( |55| ) converge on the domain I?(r, i^i, 1^2) for r < min{e', 1/3}. We note 
that r = r^v, namely it depends on N in the same way as e' does. Thus, it decreases as 7V~^ as N 
increases. 

We finaUy observe that and |it;(a;)| are bounded on 'D{r). For example 



\v{x)\ < {\x\ + \Ax 



l-iy2-2N\ 



M{,y2 + '2N){\x\ + \Ax 



(fc + 1)! 



l-i/2-2JV| 



\Bx 



\Bx 



I) 



where the sum of the series is less than a constant M{v2 + 2N). We have proved Lemma 2 for the case 
(a). Case (b) is analogous. 



Remark: The domain 2?i (rjv, J^i, J^2) is 



(3?z^2 + 2 A^) In 7r3i^i — In tat < 5i/2 arg x < 

16 



< (3?zy2-l + 2iV)lnJ-^-7r3i^i+lnrAr, |a;| < r^r 
lb 



while the domain I?2(''jv, i^i, 1^2) is 



(3fii/2 - 1 + 2N) In^: - ttSj/i - Iutat < ^1/2 argx < 
16 



□ 



< gRv2 -2 + 2N) In 



16 



ttSi^i + InrAT, \x\ < 



T^X 



1—V2 



16"2 



< r. We 



We invite the reader to observe the Inrjy terms. 

Also, note that for z^2 G R the domain is specified by max||a;|, 
can make the notation easer by simply re-writing |a;| < r for sufhciently small r. So, we obtain the 
domain VQir). 

We have proved that the structure of the integral equations implies that v(x) is bounded (namely 
\v{x)\ = 0{r]y)). The proof of Lemma 2 only makes use of the properties of <i> and 5*, regardless of how 
these functions have been constructed. 

In our case, $ and 5" have been constructed from the Fourier expansion of elliptic functions. We see 
that the domain ( ^ ) contains I?i(rjv; i^i, 1^2 + 2N) and (47) contains 'D2{rM]^'i,V2 + 2A^) because the 
term 3^ in ( ^6| ) and ( |47| ) is 0{rM), while in 'Di[r, vi,V2 + 2N), i — 1,2, the term iwr^ appear (see 
the Remark). 

To conclude the proof of Theorem 1, we have to work out the series of v{x). Let's do that in case 
(a), namely for ui(x; vi,V2 + 2A^). Case (b) is analogous. We observe that wi and vi are series of the 
type _ 

(59) 



E Cp9r(j^2 + 2N) xP {Ax^-'^'-^^Y {Bx-^'+^^y 



p,g,r>0 



where Cpgr(^2 + 2N) is rational in ^2- This fohows from 



{x)= f $(s,Asl-'^^-2Ar^^^.2+27V) 
Jl{x) 



Wi 



and from the fact that $(x, Ax^~'^^^^^ , Bx'^^^^^) itself is a series ( |59| ) by construction, with coefficients 
which are rational functions of 1^2 + 2N . The same holds true for \&. We conclude that Wn{x) and Vn{x) 
have the form (|5^) for any n. This implies that the limit v{x) is also a series of type (^9|). We can 
reorder such a series. Consider the term 

Cpqr{^2) XP {AX^~''--^^Y (Bx-'^+^^'y, 

and recall that by definition B = yp— 4. We absorb 16~^^ into Cpqr{i'2) and we study the factor 
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We have three cases: 

1) r — q, then we have x^^"^ —: x", Ji ^ p + q. 

2) r> q, then we have xP+i [^x'^^+^^j [ia;''2+2W] ™^ n ^ p + q, m = q ~ r. 



3) r < q, then we have [A 



l-i/2-2Afl9-'' 



c" [Ax-'^ n = p + r, TO = 5 — r. 



Therefore, the series of the type ( p9D can be re-written in the form of v{x) of Theorem 1. The series 
of v{x) is uniquely determined by the Painleve equation, because it is constructed from $ and 'J by 
successive approximations of the solutions of the integral equations. 

This concludes the proof. We only remark that if 1^2 is real, we make a translation V2 '-^ V2 + 2iV 
which yields < 1^2 < 1 or 1 < < 2 and all the formulae can be read for = 0. 

The statement of Theorem 1 as it follows from our proof is 

Let vi, V2 he two complex numbers. 

I) For any N £ Z and for any complex vi , V2 such that 

there exist a positive number < 1 and a transcendent 

/ \ 1 ~h X 
y{x)^ P\ViUJi{x)+V2UJ2{x)+Vi{x]Vi,V2+2N); UJi{x),UJ2{x)j H — 

such that Vi{x] 1^1,1^2 + ^N) is holomorphic in the domain 'Di{rpf]i>i,i'2 + 2N), where it has convergent 
expansion 



n>0,m>l 



viix;iyi,,y2 + 2N) = J2ai'^x-+ ^ b^a;" 

>1 n> 



l-i>2-27V' 



n>0,m>l 

There also exists a transcendent 



V16 



1 + a; 



y{x) = p{viLOi{x) + V2UJ2{x) +V2{x;vi,V2 + 2N); wi (a;), 0^2(2;)) + 

such that V2{x; vi,V2 + 2N) is holomorphic in the domain 'D2{rN', 1^1,1^2 + 2N), where it has convergent 
expansion 



V2ix;iyi,V2 + 2N) = 

i>i 

E 



a]:>x'^ + 

n>l n>0,m>l 



2) 



p(2) ™" 



{-) 

vie/ 



f- 
V16 



2-V2-2N' 



+ 



i'2-l+2Af 



ii) (i) (i) 

For both transcendents, the coefficients a„ , bnm, Cnm, i — 1,2, are rational functions of V2 + 2N . 
On 'Di{r^; vi,V2 + 2N) there exists a positive constant Mi{i>2 + 2N) such that 



\vi{x;vi,iy2 + 2N)\ <Mi{v2 + 2N) \^\x\ + 
\v2ix;vi,V2 + 2N)\ <M2{v2 + 2N) {\x\- 



1-V2-2N 



X \ 2-V2-2N 
16/ 

II) For any complex v\ and for any real V2 such that 

< 1^2 < 1 or \ <V2<2 



(i) 



s U2+2N 



U2~1+2N 



(60) 
(61) 



26 



1 + x 



there exists a positive r < 1 and a transcendent 

y{x) = p{viuii{x) + V2U02{x) +v{x;vi,V2); ^2(2;)^ + 

such that v{x; vi, V2) is holomorphic in Vo^r; i>i, 1^2), where it has the convergent expansion 

X \ ^^'^2 



v{x;vi,V2) = ^anx"^ + ^ b^mx" 

n>l n>0 



V16 



if < 1^2 < 1; and 



n>l 



n>0,m>l 



v{x) = ^ QnX"- + 6 

E 



VI6 



n>0.?n> 1 



VI6 



i/1 < j/2 < 2. T/ie coefficients are rational functions of V2 and \v{x)\ is hounded as in \6u{), with N — 0, 
for < < 1 and as in mA), with N ~ 0, for 1 < 1^2 < 2. 



The above statement is completely equivalent to the statement of Theorem 1 in the Introduction, due 
to Observation 1 and 2 there. In particular, vi(x; vi, V2) = v{x] vi, 1^2) of Theorem 1 and V2{x; vi, 1/2) = 
-v{x; -1^1,2 - V2) 

A technique similar to that used in the proof of Theorem 1 was first introduced by S. Shimomura in 
Pql for a class of functional equations. 



4 Proof of Theorem 2 

Theorem 2 is stated in the Introduction. Here we give its proof. Let xo G I?(r; z^i, 1/2). We expand 
y{x) in Fourier series. This is possible on 'D{r]Vi^V2) as it is clear from the proof of Theorem 1. Let 

/ ^1 + + ^. 

1+X 

y{x) = p(i^iwi + i^2^^2 + v; ^1,^2) H — = 

TT V \ I . /TT \ ^-^ ne^""^ , , l + x 



-- + sin ^ 



' n>l ' 

Observe that for a; -> ^ = ^ 1 - ix + 0(x2). We recall that e*'^'^^(^) = /i(x)^(x/16)<^, where 



X \2-^2 



h{x) = l + 0{x). We define 

X{x) ■.= h{xf"^^e'^^'^- (^) 
V 16/ 



Thus 



Note that the denominator [1 — 3^(x)]2 in the last term does not vanish on T). 



2 
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The above formula immediately yields and (|lO|), (JIl]). It is enough to recall that in I?(r; i/i, V2) 
the dominant powers are x'^'^ , x^~'^^ . We also need to observe that 



V+a ■ 



Va e C. 



and that v{x) — > for x — > 0, according to (||). Therefore, (|^) and (|T^), follow simply taking the 
leading terms in the expansion. 

As for (P), we observe that if V = 1, v{x) does not vanish, namely: 



7^ as x — > 



and e*'^"! = e^*'^^(l + 0(a;)). This implies that the dominant terms in the Fourier expansion are: 



(^) 



(i) 



2-1/2 



-2i4>{x) 



(l + 0(x)) 



from which (^) follows. Note that x, x'^^ and a;^ are of the same order. 
As for (^), does not vanish when V = 0, because x'^^ -/> . Namely 



:= ^ 



as x — > 



In this case, it is convenient to keep the term sin (7r//2). It is 

9 r , X TTl^l , , , „ . . 



sm 



The last step is possible because —i^ In + ^ + ^jj{x) 7^ on I?(r; z^i, 1/2). So, (|^) follows. Note that 



16 



7^ on the domain, namely y{x) in does not have poles in I?(r; z^i, j/2). 



□ 



Remark: In (|^) the sin~^(...) is never infinite on the domain. Actually, it is clear from the proof of 
Theorem 1 that the domains 1?^ (rjv ; ^1 , 1^2 + 2iV), i = 1,2, where exactly chosen in such a way that 
sin(...) ^ 0. Therefore, the movable poles of the transcendent must lie outside I?(r; i^i, 1^2)- 



5 Special Cases 

There are some special cases when the domain I?(r; ^1, 1^2) can be enlarged. 

FIRST CASE: (3=1-26 = 0. 

Theorem 1 can be stated as follows: 

Theorem 1 — special case {3 = 1 — 26 = : For any complex vi , V2 with the constraint 

Q < V2 <2 if 1/2 is real 
there exist a positive number r < 1 and a transcendent 

/ \ 1 ^ X 
y{x) = p[^iyiuji{x) +V2UJ2{x) + v{x\vi,V2); u}i{x),u}2{x)j H — 

such that v[x] vi, V2) is holomorphic in the domain 



T^ir; i/i, 1^2) = < X e Co | |x| < r. 



Vie/ 



< r, 



/ X \ ''2 

V16/ 



<r} i/ 3i/2 7^ 
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or in the domain I'o(^) i/O < < 2. It has convergent expansion: 



n>l 



n>0.?n> 1 



VI6 



E 



n>0,m> 1 



Note that the domain is larger than the general case and that = 1 is now allowed. 

Proof: If we go back to the proof of Theorem 1 we see that in the equation (^) we only have the 
functions p{u/2 + SiuJi + 2N2UJ2)- This means that we do not have TV^. Let us put N2 = N. Then, we do 
the proof of Theorem 1 in the domain (^3|) with N2 — N and £2 = 0. A remarkable fact happens. While 
in proof for the general case we have to distinguish (for given N, vi, V2) between I?i(rjv; I'l, 1^2 + 2N) 
and 2?2(^Ar; ^^ii ^^2 + 2A'^), in the present special case we prove the existence of v{x) on the larger domain 



T>[rN; vi,V2 + 2N) := |a; G Co | \x\ < rN 
where v{x; 1^1,1^2 + 2iV) is represented as: 



X \ i'2+2N 



16 



< r 



(62) 



n>0.m> 1 



16 



2-i/2-2Af 



E 



n>0,m>l 



1/2+2-/V' 



We note that, if 3i^2 — 0, the constraint < 1^2 < 2 holds. Namely, now t/2 = 1 is allowed. 
When 1^2 is real, w(x) is equal to ( |62|) with iV = and the domain is simply given by the condition 



max{|a:| 
2?o(r). 



t^"^) ^ Ij" ^' '^E^'^^ly |a;| < r for r small enough. This is the domain 



□ 



The critical behavior for x — > can be studied along 

^V2 - V 



arg X — arg xq 



In - — r 

"Ji/2 \xo\ 



contained in X'(r; z/i, 1^2) for xq G 2?(?'; J^i, J^2) and < V < 2. If 3i/2 = any path going to x = is 
contained in VQ{r). The critical behavior is obtained through the Fourier expansion. We give the result. 

If 3i^2 7^ 0, the transcendent y{x) = p{viu}i{x) + 1^2^2(2^) + w(a;; i^i, 1^2)) + (1 + x)/3 has the following 
behaviors on I?(r; 1/1,1/2): 



For < V < 1: 



V{x) = -- 



x"^ (i + odx^^D) 



(63) 



For 1 < V < 2: 



x2-^2 {i + 0{\x'-^^\)) . 



(64) 



For V = 1: 



/X • 2 / -1 - ^^2 , |x| , TTI/i 

y(a;) = x sm i 



2 ln^ + ^)(l + 0(.)). 



(65) 



For V 0: 



.^2 . X 
-I — In — 
2 16 



m>l 



Vie/ 



(l + 0(a;)). 



(66) 



For V = 2: 



2/(a;) 



-+sm 



.2-1/2 



a; TTi/i ^-^ 

in \ V > Oom 



TTI/l 

T 



?n> 1 



VI6J 



2-1/2' 



^1 + 0(0;)). 



(67) 
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For V2 real, satisfying the constraints < < 2, the transcendent y{x) ~ p{v\uj\(x) + v^Lo^ix) 
v{x\v\,v-i)) + (1 + a;)/3 has the following behaviors on 'DQ(r): 



(l + 0(|a;'^=|)), < < 1 



2.2-^2 + 2|)) , 1< < 2 



y(a;)=a; sin2(^) (1 + 0(0;)), 1^2 = !, {vi+^) 



(68) 

(69) 
(70) 



SECOND CASE: a = 7 0. 

Theorem 1 is restated as follows: 

Theorem 1 — special case a = 7 = 0: For any complex v\. vi with the constraint 

— 1 < j^2 < 1 if 1^2 'is real 
there exist a positive number r < I and a transcendent 

(\ 1 + X 
iyiUJi{x) + V2i^2ix) + v{x; 1^1,1/2); ujiix),uj2ix)j H — 

such that v{x; vi, V2) is holomorphic in the domain 



2?(r;z/i,i/2) = <^ a; g Co I |x| < r, 



V16/ 



1 — 1^2 



(^) 



1^2+1 



< r 



or in the domain Voir) i/— 1 < 1^2 < 1, where it has convergent expansion 



;(x; i^i, 1^2) = ^ a-nx'^ + ^ 



n>0,m>l 



X \ l-i^a 



16 



E 



3; \ 1^2+1 



Note that now i/2 = is allowed. 

Proof: If we go back to the proof of Theorem 1, we see that in the equation ( p5| ) we only have the 
functions p{u/2 + eiuji + {2N2 + l)ti^2)- This means that we do not have N2- This time, let us put 
N2 = N. Therefore we do the proof of Theorem 1 for the domain (ji^ ) with N2 — N and £2 = 1- 
Therefore, on the new (bigger) domain 



f- 

VI6 



V{rN]i^i,V2 + 2N) ^ |a: e Co I \x\ < rN, 
there exist one v{x), holomorphic with convergent expansion: 
v{x;iyi,V2 + 2N) ^^Onx"^ + ^ &„ma;" 



l-iy2-2Ar 



n>l 



n>0.m> 1 



i/2 + l+2iV 



< r 



(71) 



l-i^2-2Af 



E 

n>a.,m>l 



^n.m.X 



X \ l'2 + l+2Ar' 



In a sense, in the case /3 = 1 — 2(5 = the disjoint union 'Di{rN', vi,V2 + 27V) U 'D2{rM] Vi, V2 + 2Af) 
was replaced by the bigger domain (|6^). In the present case the disjoint union I?i (r^r ; ^1 , 1^2 + 2N) U 
2'2(fAf+i; vi,V2 + '^[N + 1]) is replaced by the bigger domain ([7l|). 

If 1^2 is real, this time j/2 — is allowed, but not 1^2 = 1- Then, it is convenient to choose the 
constraint 

-1 < 1/2 < 1 
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by doing 1^2 i-^ — 2 if 1 < < 2. The domain is simply specified by max||a;|, e ^'^'^^ (^) 
'^"^ i^Y^^^ I < ^7 namely < r for r small enough. This is I?o(^)- 

We compute the critical behaviors for a; — > along 

3?i^2 - V , \x\ 



□ 



argx = arga;o 



In ■ 

\xq\ 



which is contained in I?(r; i^i, 1/2) if and only if xq e i^i, 1^2) and —1 < V < 1- If ^^^^2 = any path 
converging to x = is contained in I?o('')- We use Fourier expansion; the result is the following. 



For < V < 1: 



For -1< V < 0: 



For V = 1: 



y{x) 



161^2-1 



16.^2 + 1 



x"^ (1 + 0(1x1-"^ I)) . 
X-"' {I + 0{\x'''+^\)) 



(72) 



(73) 



.W-sin^(.i^lnM + !^+^,„„, e— (^) 



1— 1^2 



(l + 0(x)). (74) 



For V = -1: 



y{x) = X sm 



±llnM 
2 16 



~2~ 



E 

m>l 



COji 



/ X \ ^2+1 



VI6 



(l + 0(x)). (75) 



For V = 0: 



2/(2;) 



-+sm 



For 1/2 real, the behaviors on 'Do{r) are: 

1 



16^ 

1 X 



x''^ (1 + 0(1x1""^ I)) , if < t^2 < 1. 
r''^ (l + 0(|a;"^+i|)), if-l<j/2<0. 



(l + 0(x)), ifi/2 = 0, (i^i^O). 



(76) 

(77) 

(78) 
(79) 



6 Points a; = 1,00 — Comments to Theorem 3 and Critical be- 
havior 

Two independent solutions of the hyper-geometric equation C{u) — are the hyper-geometric function 
^(x; 1/2, 1/2,1) and 

The following connection formulae hold [p7| : 
i) Connection 0-1 

FQ,i,l;x)=-i,(i,i,l;l-.), |arg(l-.)|<. 
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ii) Connection - oo 

\ T-i r/11 1\ /II 1M 

— 27r < arg a; < 



' 2' 2' ' 



,11 1\ n 1 1 



We recall that uji{x) and u!2{x) are 7r/2 F(l/2, 1/2, 1; x) and — i/2 g(l/2, 1/2, 1; x) respectively. This 
representation is convenient in a neighborhood of a; = 0. In this section we will use the notation wj"' 
and ^2*^^ instead of uji and 0^2 • Namely 

,(0)/.^_ ""jpf^ 1 1..^ .S"h - * /I 1 



Taking into account the above connection formulae, we define in a neighborhood of a; = 1: 
cj['\x) := J^\x) = Q, i, 1; 1 - , | argx| < n 

We also define, in a neighborhood of a; = 00: 

u;t\^) + = l^-^F Q, i, 1; , - ^ < argx < 

(00). ^ (0)/ « _1 /I 1 1\ I , 

^ W==-22^ ^i2'2' 'xj' I^^Sa;|<7i" 

The above functions have branch cuts specified by the constrains on arg a;. Once they are so defined, 
they are continued on the universal covering ofP^\{0,l,oo}. 

In the following, we use superscripts 0, 1, 00 for solutions u{x) of ( |35| ) represented around a; = 0, 1, 00 
respectively. At a; = we looked for solutions 

and we found the representations of (x) in Theorem 1. Now we look for a solution in a neighborhood 
of a; = 1 of the type 

"^^^ (1) (1) , (1) (1) , (1) 

— Vl L0\ + "-'2 

and for a solution in a neighborhood of a; = 00 of the type 

foo) (00) , (00) (c3o) , (ryrA 



They yield Painleve transcendents y(a;) = p(u(i)/2; w^"^) + (l+a;)/3 = p(u(iV2; w^^^) + (l+a:)/3 
and y{x) = p(m(°°)/2; \ ) + (1 + x)/3 = p{u(°-^ /2; + (1 + a:)/3. 

The definitions of wj*^ are convenient because the proof of Theorem 1 can be repeated with no changes 
in a neighborhood of a; = 1 and 00. This yields the statement of Theorem 3 in the Introduction. 
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6.1 Critical Behaviors at x = l,oo 

From Theorem 3 and the Fourier expansion of the Weierstrass function we obtain the critical behaviors 
of the transcendents of Theorem 3. 



In a neighborhood of a; 1: 



If! 



,(1) - 



0, we let a; ^ 1 along any regular path. Otherwise, we consider the paths 



arg(l -x) = arg(l - xq) 



3*4^^ -V, 11 -a; 
Tn 



< V < 1 



joining .tq to x = 1. They lie in T)(r;i'[^\iy2^'^) if xq G 'D{r;v[^\iy2^^). 

Let i'[^\i>2^'' be given. If '^i'2^^ ^ 0, the transcendent defined in Theorem 3 in 'D{r;h'[^\i/2^'^) has the 
following behaviors for a; — > 1: 

For < V < 1: 



y{x) = 1 + 



1 



(1 - x)''^" (l + 0(|1 - xl''^'' + |l - a;|i-"^'')^ 



(80) 



For V = 0: 



y{x) = 1 



1-x 



sin ^ I I 



/I) 
2 



' 1 — a; TTV, 
^ In ' ^ 



(1) 



16 



m> 1 



(1) / 1 — a; 



16 



(l + 0(l-x)). 



For V 1: 



. 1/2^"^ — 1 1 — a; TTi^l 



y{x) = 1 — (1 — a:) sin^ I i^—: In 



(1) 



16 



-i ^ &0m 

m>l 



(1) / I — X 



16 



(l + 0(l-a;)). 



If = 0, the transcendent defined on I?o(^) has behavior (pO|) when < 1^2^' < 1, or behavior 



yix) = 1 + 



16"^^^'-! 



(1 - xf-"^'' (1 + 0(|1 - a;|2-'^^" + |1 - a;r^"-i|)) 



(81) 



when 1 < 1/2^^ < 2. 



In a neighborhood of a; = 00: 

If 3i^2°°' — 0, we let a; —> 00 along any path. Otherwise, we consider the paths 



argx = arga:oH ^-r— s — In ^ — r, 0<V<1 



joining Xq £ D{r;h'[°°\h'2°^'^) to infinity. 

Let v[°°\u2°°'' be given. If SJ^'2°°' 7^ the transcendent of Theorem 3 defined in D{r]h'[°^\iy2°°^) has 
the following behaviors for a: — > 00: 

For < V < 1: 



16''2 



ci-''2°°' (1 + 0{\x\-'^^'^^ + Ixl^^^^'-i)^ . 



(82) 
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For V = 0: 



y{x) = (1 + 0(.T 1)) <^ -+.Tsin- 



,(oo) 



^ In 1 ^ 



(oo) 



For V = 1: 

y(a:) = (l + 0(x-i)) 



1 — i^A ' 16 TTVi 

- — In \ \ 



sm 



(oo) 



m>l 



If '^V2 = 0, the transcendent defined on T>Q{r) has behavior ( ^2| ) when < 1^2°°'' < 1, or it has behavior 



(oo)_ 



1 (l + 0(|a:r^°°'-2^|:E|i^''^°°')) 



(83) 



when 1 < 4°°^ < 2. 



7 Some Considerations on Analytic Continuation 

We can easily study the effect of a small loop around a critical point on the transcendents of Theorem 
1 and 3. 

Consider a transcendent of Theorem 1 

t \ ( W , (0) , / \ (0) (0)\ , 1 + 2^ 

y(a^) = P\viUJ\ +V2i^2 +v{x;vi,V2)] uj\ ,1^2 ) ^ — 

defined on ^1,1/2)- If 1^2 is real, it is defined on Voir). 

We do the loop x 1-^ xe^'^*, where x S I?(r; i^i, V2) (or I?o('')), therefore \x\ < 1. From the monodromy 
properties of F{l/2, 1/2, 1; a;) and .9(1/2, 1/2, 1; x) we have 

io^^\x)^J^\xe'n=^^i\^), 
J^\x) ^ Loi°\xe^^') = J^\x) + \x) 

We also have 

v{x; vi,V2) ^ w(xe^''*; vi,V2) = v{x; vi + 21^2, '^2) 

The last step of the above equalities follows from the explicit expansion of v{xe'^'^^]Vi,V2) given in 
Theorem 1, in the hypothesis that also xe^'^* € 2?(r; vi, V2) - or, which is the same thing, x e 'D{r] vi + 
2j^2, V2) [this always happens if V2 is real]. Therefore 



l + x 



y{x) ^ yixe^"') =: y' [x) = 
= p(v^J^\x) + V2[ojf\x)+2ujf\x)]+v{x-v^+2v2,V2)\ J^\x),J^\x) + 2J^\x)^ + g 

= p{{yi +2v2)t^f\x) +V2ij''2\x) +V{X]VI +2V2,V2); Ujf\x),Lo':2\x)) + 

So, the effect of the loop is simply the transformation 

(z^i, U2) ^ {I'l + 2j/2, V2) 

From the above, we also obtain the critical behavior according to Theorem 2. 

We remark that the above considerations hold only if both x and xe^'^''' belongs to T>{i'i, V2) - namely 
X £ 'D(vi + 21^2, 1^2)- Otherwise, we can not represent u(xe^'^*; z^i, V2) as v{x] vi + 2v2, V2)- This last case 
may actually occur when 31^2 7^ 0. If the point xe^^* lies outside the domain it may be a pole of y{x). 
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The same procedure is applied to 

f \ Ml) (1) I (1) (1) , r (1) (1) , 1 + ^ 



Now we denote by 'D{r; v'^^ , 1^2^') the domain around x = 1. The effect of the loop (1 — x) > (1 — a:)e^'^\ 
X e ^(r;!/}^^^^^) is 

if also X e X>(r; zyj^^ - 2i/f \ i/^^^). 
The procedure is applied to 

Now , ^'2°°'') is the domain around x — 00. The effect of the loop x 1— > xe^'^^\ x G ^{r; zy^°°'' , ^'2°°'') 

is 

provided that also x £ V^r; v'f^'^ + 2v^\ ^2^^)- 

8 Connection Problem 

The analysis so far developed is only local. Two natural questions arise. 

Question 1). This question makes sense in V2 is not real. Suppose that y{x) has the representation of 
Theorem 1 close to a; = 0: y{x) — p{viu)i + V2U)2 + I'l, :/2)) + (1 + x)/3 in 'D{r; 1^1,1^2)- We ask if y{x) 
may have a representation y{x) = piy'iLOi + V2LO2 + v{x] 1^1, V2 + 2iV)) + (1 + a;)/3 in I?(r; , 1^2 + 2A^) 
for some integer A^. If this happens, we should be able to express v'^ as a function of i>i,i'2, N. 

Question 2). [Connection Problem]. May a given transcendent have three representations of Theorem 
1 and Theorem 3 at x = 0, 1, cxd at the same time? If this happens, which is the relation between the 
three sets (^f ), 

The answer to this questions is positive, but it can not be achieved with the method so far used, 
which only allows to obtain local results. For example, suppose we want to solve question 2) for y{x) 
represented as in Theorem 1. We can write 

yix) = p{.["^J^\x) + 4''4'\-) + + ^ 



p{J^^co['\x) + .["^u;i'\x) + + (84) 

There also exists a transcendent 



yix) = p{i^^^^u;['\x) + 4''>4'\x) + v<^'\x)) + ^ (85) 

where ^^^•'(x) is represented by Theorem 3. In particular, v^^^(x) is bounded as a; ^ 1. On the other 
hand, the function z)*^"^ is only known for small x, and it may diverge as x ^ 1. In the best hypothesis, 
we may suppose that after the rescaling 

v'-^^ (x) ^ v^"\x) - Si^i Jj^\x)-Su2Uji^\x), 5vi,5v2&C 

the new function v^'^^ — Sviuj''-^^ — 5v2'^2^ vanishes as x — > 1 (this may happen, since the divergence of 
0^2 , which is ln(l — a;) as a; — * 1, may cancel the divergence as a: — > 1). Therefore, ( p4[ ) is a 

transcendent ( |85| ) where 
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and 

Unfortunately, we are not able to say if the above rescaling is possible using the local analysis. And 
if it is, we do not know 5vi^ 5v2- 

The answer to questions 1) and 2) can be obtained by the method of isomonodromic deformations 
(which, on the other hand, has some limitations in providing the local behavior). 



8.1 Picard Solutions 

Before answering Questions 1 and 2 in general, we recall that there is one case when the local analysis in 
elliptic representation becomes global, namely when v{x) = 0. This happens when Q! = /3 = 7 = 1 — 2(5 = 
0. This case was already well known to Picard and it was studied in |2^. The equation (|3^) reduces 
to the hyper-geometric equation C{u) — 0, and it has general solution %i{x)/2 — i'ilj^^\x) + V2Lo^\x). 
Therefore, 

I \ ( (0)/ \ , (0)^ N (0 (o)\ , 1 + a; 
y{x) = p [vx-^l '(x) + V2UJ\ \^h^\ -.^-i )^ — 



Question 1) can be answered immediately. There is no need to prove Theorem 1 because we have no 
v(x)\ The function u{x)l2 = vilo^^\x) + V2lo''2\x) in the argument of p is defined for any x 7^ 0, 1, 00. 
We obtain the critical behavior by Fourier-expanding 

p (viu:f\x) + V2u:f\x):u:f = p (viu:f\x) + ^ + 2N\J^\x)-J^,J^^) 

For any fixed N , the expansion is performed if |a;| < 1 and 



{^+N^t{x) <<^t{x) 



Namely: 



{^V2 + 2 + 2N) In 



16 



0(2;) < 9i/2 arga; -I- TT < {^V2 - 2 + 2N) In 



16 



-0{x) 



(86) 



Note that this defines a domain I?(r; vi,V2 + 2N) which contains the union of I?i(r < 1; i^i, 1^2 + 2A^), 
V2{r < 1; vi, V2 + 2A^), X'i(r < 1; i^i, V2 + 2[iV + 1]), V2{r < l;vi,V2 + 2[A^+ 1]) introduced in the proof 
of Theorem 1 . 

The critical behavior along 



^V2 + 2N-V. . . 
arga; = arga^o H f:: In f|. 



2 < V < 2, ^1^2 ^0 



is: 

For < V < 1 



{l + 0{x 



)) 



For 1 < V < 2 



IQU2+2N-1 



For V = 1 



y{x) = X sin i 



\-V2-2N 



For V = 



-+sm 



.iy2 + 2N ^ X 

—I m — 

2 16 



TTVl V2+2N Fi{x) 

~ 2 F{x) 



{l + 0{x)) 
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For V = 2 



yix) 



V2 



2N ^ X 
2 —^"16 



TTVi 2~V2-2NFi{x) 



(l + Oix)) 



For -1 < V < 0: it is like 1 < V < 2 with i-^ iV + 1. 

For -2 < V < -1: it is like < V < 1 with iV TV + 1. 

For V = -1: it is like V = 1 with iV + 1. 

For V = -2: it is hke V with iV + 1. 

We observe that the choice of N is arbitrary, therefore the same transcendent has different critical 
behaviors on different domains (jS^) specified by different values of N. This answers Question 1. 

Remark: Note that in the cases V = —2, 0, 2, the sin^(...) may vanish, therefore there may be (movable) 
poles. Actually, this happens because the domain now is bigger than that of the generic case since we 
did not impose that sin^(...) ^ 0, as we did in the proof of Theorem 1. This is also the reason why we 
have to keep ■p^jy in the argument of sin^(...) in the Fourier expansion. 

If Qi^2 = 0, we choose the convention < Vi < 2. The critical behavior for < < 1 is the same 
of the case ^ with N = and < V < 1; for 1 < < 2 it is the same of the case ^1^2 7^ with 
= and 1 < V < 2. Finally, 



y{x) = (1 + 0{x)) X sin^ 



- + sm"^ — - 
2 \ 2 



(l + Oix)), 



a 1/2 = 1 

if 1/2=0, Uly^O 



Question 2) can be answered. Actually 

r \ ( (0)/ \ , (0)/ N (0 (0) 

( (1)/ A , (1)/ A (0 (0)\ , 1 



3 

X 



p[iyiUj{ ' (X) + {V2 ~ J^l)^2 Wi^l ^^2 



Namely, the couples \ 1^2*^), i — 0,1, 00, are: 

(^^1,1/2), (1^2, i^l), {'^1,1^2 - i^i) 

8.2 Solution of the Connection Problem in a Non-Generic Case 

We first give the solutions of Questions 1) and 2) in the special case P — — 26 — studied in [7 

and in , because of its connection to 2-D topological field theory and to Frobcnius Manifolds [|j [5 
and quantum cohomology |Q ||T^ . This sub-section mainly reviews the results of jl^ and connects 
them to the framework of the present paper. In the next sub-section we will consider the generic case. 
The Painleve VI equation is the isomonodromic deformation equation of the fuchsian system [T^ 



dz \ z z — 1 z — X 



Y = A{z,x) Y 



(87) 



where Ai{x) (i — 0, l,x) are 2x2 matrices. They depend on x in such a way that the monodromy 
matrices at z = 0, 1, x, do not change for small deformations of x. Moreover, 



Aoix) + Ai{x) + A^{x) 







-i 



1 



eigenvalues of Ai{x) = ±-0i, i = 0,l,x 
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Figure 2: The order of the basis of loops of the Fuchsian system. 



The constants 6*^, ly — O,l,x,oo are hnked to the parameters of PVI: 



a = i(0oo-if, 13 = -lei 7 = \el s = l{i-el) 

A Painleve transcendent is the solution z = z(x) of A(z, x)i2 — 0: actually Ai2{z,x) — k{x){z — 
y{x))/z{z — l){z — x), where the function k.{x) does not interests us now (see The monodromy 

matrices give a representation of the fundamental group of P^\{0, l,a;,oo}. They are usually denoted 
by My, V — Q,l,x,oo and they correspond to counterclockwise loops around z = 0, 1, x, cx) respectively. 
We order the loops as in figure ^ (an arbitrary base point is chosen). The monodromy matrices are not 
independent, because 

MiM^Mo = Moo 



Moreover 



Moo is similar to e 



Q "as 



„2TTiR 







R = < 



b 





b 



if ^oo ^ Z 
if < 6ioo e Z 
if > 6ioo e Z 



where & is a complex number. Following [[7|, let a ~: ^"^^ ^ (namely Oao = 2/i, On — 0^ — Oi — 0) and: 



tr MqMx, 



xf^tr MiM^, 2 - = tr AfoAfi. 



They satisfy 

xl + xl + xl^ — xqXiXoo = 'isin^{TTfi). (89) 

For any fixed fi, it is proved in that there is a one to one correspondence between Painleve tran- 
scendents and triples of monodromy data {xo,xi,Xao), defined up to the change of two signs, satisfying 
Xi ^ ±2, z = 0, 1, oo and at most one Xi = 0. A transcendent in one to one correspondence to (xq, xi, Xoo) 
will be denoted y — y{x;xo,xi,Xoo)- 

Let (T be a complex number such that 2cos(7r(T) = tT{M()Mx), namely: 



cos na = 1 — 



< 5Rcr < 1, (7^1 



We define a domain in the universal covering Cq of C\{0}, for small as follows: let e be a small 
positive number, < (t < 1 a real number arbitrarily close to 1 and 1^2 two real parameters. We 
define 



D{e;a) := {x G Cq s.t. |a;| < e, 



Ixl" < Ix^l < e 



< < 1}. 



(90) 
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If < CT < 1 we simply let D(e; a) :— {x G Cq s.t. |a::| < e}. The critical behavior of y = y{x] xq, xi, Xoo) 
was obtained in ||T^ in the domains I?(e„; ±cr + 2n) for any integer n. We note that such domains can 
be rewritten as 

3fi(±cr + 2n) In + §2 3(±cr) < 3(±ct) arga; < [5R(±cr + 2n) - a] In |x| + di 5(±cr), < e„ 

As it is proved in e„ < 1 is small (it decreases as n increases) and 3(±cr) di decreases as — ln|n|. 
The critical behavior in the domains -D(e„; + 2n) is: 

y{x- xo, XI, Xoo) = a{±a + 2n; xq, xi, Xoo) x1-[±'^+2"1 (1 + 0(x±'^+2" + xi-[±^+2"l)) (91) 

where 

a(a; xq, xi, Xoo) = ^ ^ ' ^ [2(1 + e^'^'^)- 

8sin(7rcr)r(l f) r(/^+f) 

-f{xQ,Xi,Xoo){xl^+e-''"'xl)\ /(xo,Xi,Xoo) (92) 

and 

A-xl 

/(xo,xi,Xoo) — 



X-j^ ^00 XqXiXoo 

The above formula for a has some limit cases when ct — > 0, ±2/i + 2rn, m integer. Namely: 
I) For xo = 0. 



x^ 



x^ + xl 



provided that xi ^ Q and Xoo 7^ 0. 

II) For Xq — 4sin^(7r/i) (and then x'^ = —x\ exp(±27rj/i) as it follows from (|89|)), there are four 
sub-cases: 

III) x^ = -t2p-2^V 



1 162^+2"r(^ + TO + 1)"^ 

CT = 2/X + 2to, '^=^T^~F7 T9~' TO = 0,1,2, 



112) 



x2 = -x?e2'^*^ 



a = — - 



4xf r(m + l)2r(2^ + m)2 
CT = 2/i + 2to, to = —1, —2, —3, . 

COS'*(7r^) 2u+2mT-/,, , „, , 1- 



162^+2"T(^ + m + -)^r(-2^ - m + l)2r(-TO)2 x? 



47r4 2 

113) x^ = -xf e^^^*^ 

1 16-2A'+2mr(_^ + ^^_ 1)4 

ct=-2^ + 2to, a = ~—^—- — ,.3 - TO=1,2,3,... 

4xj I (to — 2/z + 1)^1 (to)^ 

114) x^ = -xfe-^'Tv 

ct = -2^ + 2to, to = 0, -1,-2,-3, ... 

^ ^ _£^E>7^^g-2M+2™p(_^ ^ „^ ^ i)*r(2/. - TO)2r(l - mf xl 
Att 2 

Conversely, let be given a transcendent with behavior y{x) — ax^^'^(l + higher orders) as x 0, for 
given CT and a. We define a triple (xq, xi, Xoo) by the formulae below: 



Xl = z 



Xq = 2 sm f 



/(ct, fi)G{a,^i) 



G(ct,m) 



f{a, fj,)G{cr,^i) 
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where 



2cos^ (fcr) 



cos(7r(T) — cos(27r/i) 

Again, there are limiting cases: 
i) cr = 



= fixo,xi,Xoo), G{a,fj.) 



Xq = 



4T\ 



2r(i-M + f)r(/. + f) 



ii) a — ±2/1 + 2to. 

iil) (T = 2/i + 2to, m = 0, 1, 2, .. 



5^ = 2 sin(7r/i) vT^a 
a^L = 2 sin(7r/i) 



= 2 sin(7r/i) 

. igA'+'"r(Ai+m+^)^ 1 
2 r(m+l)r(2Ai+m) 

-T" — - 7 T't "iTTM 



ii2) cr = 2/i + 2m, m = -1, -2, -3, 



Xq = 2 sin(7r/i) 



ii3) cr = —2/i + 2to, m = 1, 2, 3, . 



Xoo — IXlG 



Xo = — 2sin(7r/i) 



, 16-^+'"r(~p+m+l)^ 1 
■^1 2 r(m-2^t+l)r(m) ^ 



ii4) cr = -2/i + 2to, m = 0, -1, -2, -3, 



xo = — 2sin(7r/i) 



= 2i^ 



cos^(7r;j) 16-f'+'"r(-/^+m+i)2r(2p-m)r(l-m) 



-ixie" 



'17T fJ, 



In all the above formulae the sign of the square roots is arbitrary (a triple is define up to the change 
of two signs). The relation Xq + xf + x^^ — xoXiXoo — 4sin^(7r/i) is automatically satisfied. Note that 
cr ^ 1 implies xq ^ ±2. 

It is proved in ||ll|] that if the triple (xq, xi, Xqo) defined above is such that Xi ^ ±2 [i = 0, 1, oo) and at 
most one Xi = 0, then there exists only one transcendent with behavior y{x) = ox^"'^(l + higher orders) 
as X ^ specified by the given a and cr. It coincides with y(x; xq, xi, Xoo). 

Let us return to the elliptic representation. We observe that in the special case P = ^ — 1 — 2S~0 
there is only ^p(u/2) in the r.h.s. of (|35|). Therefore, ei — 62 = in the proof of Theorems 1 and 3. As 
a consequence, not only at x = 0, but also at x = 1, 00 the domain V is larger. More precisely, at .x = 
the result of section |5| applies: For any N £ Z, and for any complex v[^\ i^i^K such that < < 2 
if is real, there exists a transcendent y = 
holomorphic in 

V{rN;vf\vf^^2N) := JxeCo I \x\<rN, 



[yf^ujf'^ + vf^uf^ + i;(°)) + ^ such that v^'^^x) is 



(^) 



< r, 



(0) / X \ 

' (le) 



<r 
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where it has the convergent expansion 



n>l 



n>0,m>l 



e '""1 



,,(0) / X 



2-u!,°^-2N 



+ 



n>0,m>l 



(0) / X \ '^2 



(0) / 



16 



At X = 1. For any N and for any complex iy[^\iy2^\ such that < ^'2^•' < 2 if v)f' is real, there 
exists a transcendent y = p[i'[^^Ui'^ + u^^^u)^^ + v^^^) + such that v^^\x) is holomorphic in 



V{rN;i^[^\i'^^^ +'2N) := { X gP\ such that |l-a;|<rjv, 



(1) / 1 ~ X 



16 



'-2N 



(1) t 1 — X 



16 



i^i, '+2N 



< r-jv 



where it has a convergent expansion 

v^'\x;u['\4'^ +2N) = ^ar,{l-xr+ ^ 6„™(1 - a;)" 



n>l 



n>0,m>l 



(1) /I — X 



16 



+ 



^ ^ ^nmi^ x) 



(1) / 1 — X 



16 



'+2Ar 



At X = oo. For any G Z, and /or any complex 1^2°°^ ' such that < 1^2°°^ ^ ^ '^2°°'' 

there exists a transcendent y = p{y^^ uj^^ + vl^"'^ u)^^ + such that v''°^\x) is holomorphic 

V{rN;yi°\v2"^ +2N) := Ix such that < rjv, 



m 



/16 

X 



2-i/<~^-2JV 



X 



u)r'+2N 



< rN 



where it has a convergent expansion 



xh^^\x;u[°°\iyt^+2N) = Y,a'-'U-) + E ^ 



n>0,m>l 



/16 



2-y<~'-2JV 



+ 



n>0,m>l 



(00) / 16\ 



Note that we have used the same notations for the coefficients a„, bnm, Cnm both at a; = 0, 1 and 
a; = 00. This is for simphcity of notations, but they are different! 

We are ready to identify the transcendents y{x; xq, xi, Xqo) with the transcendents in elhptic represen- 
tation. We know that for a; ^ the transcendent y{x) = p(i/ia;^°^ + 1/2^2°^ +v^^^{x; vi,V2 + 2A'')) + i±2 
has behavior 

x^2+2N^^ + higher orders), < V < 1 



y{x) = -- 
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2-u-i-2N 



(1 + higher orders), 1 < V < 2 



On the other hand, a transcendent y(a;; xq, xi, Xoo) has behavior (|9l|): 

Xo, Xi, Xoo) = aa;^^[''"^+^"l(l + higher orders) 

As we mentioned above, the critical behavior uniquely determines the transcendent. Therefore, the 
transcendent in the elliptic representation, for given 1^1,1^2, N , must coincide with some y{x\ xq, xi, x^o) 
having the same critical behavior. Let us choose the convention 

< 5Rcr < 1, < 3?i^2 < 2 

We take N — n — Q. A necessary condition for the transcendents to coincide is that 

D{eQ;a)nV{rQ-vi,V2)^% 
They actually coincide when they have the same critical behavior, namely if: 



1) : o- = 1 - 1^2, 



1 



" = -4 



2) : (y = V2-l 
(recall that cr 7^ 1 and V2 7^ 0, 2). Equivalently: 
1): i^2 = l-T, e"'^^ 
2) : ^^2 = 1 + cr. 



16'-2-i 



if < 5Rj/2 < 1 
if 1 < 3fii/2 < 2 



-Aa{(j) if < 5Rz^2 < 1 

-^^^i ^ „4a(cr) 16-'" if 1 < 3fJi/2 < 2 



We are now ready to answer Question 1) and Question 2). Actually, this is possible because the iden- 
tifications 1) and 2) above allow us to express the parameters ui, in terms of the triple of monodromy 
data (xo, 2:1, Xoo) and /i. 

We observe that transformation a 1— > —a is cr = 1 — ;^2 ^^2 ^ 1 hi case 1), and a — v^ — ^^^^v^ 
in case 2). Namely, in case 1) the behavior of y{x; Xq, X\, x^) is 



y{x\XQ,x\,Xaa) = a(a;xQ,xx,Xao)x '"(1 + higher orders), inL'(eo;cr) 



and 



y{x;xQ,xx,Xoo) ^ a{-o;xQ,xx,Xoo)x^ ' '"'(l-l- higher orders), \^D{e,^;-a) 
This corresponds to the behaviors obtained in elliptic representation: 



x^'^iX + higher orders), < V < 1 



and 



respectively, with cos7ri^2 



161^2-1 

1 and 



(1 + higher orders), 1 < V < 2 



[2(1 



2 sin(7rj.2)r2 (I ™ ^ - i|) r2 (i + - if ) 

-J(xQ,Xx,Xo^){x\^ - e*'"^^^^)] j[xQ,X\,Xoo) 

In case 2), the behavior oi y(x\XQ^x\^Xaa) is still 

?/(x;xo,xi,a;oo) = a((T;xo,xi,2;oo)a;^~°"(l + higher orders), ini:)(eo;cr) 



(93) 
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and 

y{x;xo,xi,Xoo) = a{-a;xo,xi,Xoo)x^^^^'^K^ + higher orders), in D(eo;-a) 
This corresponds to 

-1 



16^2-1 



and 



^,2-1/2(2 + higher orders), 1 < V < 2 



x'^^{l + higher orders), < V < 1 



respectively, with cos7ri/2 — -j- — 1 and 



(if) 



2 sin(^z.2)r2 (i - ^ + if ) r2 (-1 + /i + if ) ^^^^ " 

-/(a;o,xi,Xoo)(x^ - e"*'"'^a;i)] f{xo,xi,Xao) 



(94) 



Answer to Question 1). Let us study the effect of the shift a t-^ a + 2n on the elliptic representation 
of y{x; xo, xi, Xqo)- y{x] xq, xi, Xoo) has critical behaviors on the domains D{en] c + 2ri), with exponents 
cr + 2n and coefficients a — a{a + 2n; xq, xi, Xoo)- The shift corresponds to 1/2 ^ 1^2 — 2n in case 1), and 
1^2 '-^ 1^2 + 2n in case 2). Using the properties of the F- function and (|9^),(p^ we obtain, both for case 
1) and case 2): 



1 1^2 +2n 



where 



K{v2,n) 



n = 



K{v2,n) ■- < 



TTn [i^2-l+2Ai+2(fc-l)]^[t/2-l-2M+2fc]^ 



n 



|n| 



{v2-2kf 



. -^-^fe=l [jy2_l+2^-2fcJ^[!y2-l-2/j-2(fc-l)J^ ' 



n > 
n < 



Thus 



U2+271 



- -hl^^:(^^2,f^) 



11-2 TT 

In this way we have answered to Question 1): the representations 



y{x) ^p[[vi hiK{v2,N)\ loi +1/2 uj2 + v{x]Vi - -\nK{v2,N),V2 + 2N) + 



l + x 



define the same transcendent on different domains T) {rM]Vi — ^hiK{v2, N), V2 + 2A^). 

Remark: We now know the elliptic representation and the critical behavior of the transcendent y{x] xq , xi , Xo 
on the union of the domains 'D{rN] vi — ^ hiK{v2, N), V2 + 2A^), n G Z (for Qi^2 7^ 0). However, some 
regions in the (In 3j^2 a'i'g2;)-plane, for x close to 0, are not included in the union. In these regions 
the transcendent may have movable poles. 

Answer to Question 2). In the connection problem was solved by showing that a given 

transcendent y{x;xQ,xi,Xao) has critical behaviors: 



where 



y{x;xQ,xi,Xoo) = 0'^'^^x^ '^''(1+ higher orders in a;), x^Q 

= 1 - a(^)(l - .t)1"'"'"(1 + higher orders in (1 - a;)), x ~> I 
= a^°°^x'^^ ' (1 + higher orders in a;""'^), x ^ 00 



cos(7rcr«) = 1 - ^, 0<5Rcr(')<l, a^^^^l, i = 0,l,c5o 



(95) 

(96) 
(97) 
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The parameters a(°\ ct^°-' stand for a, a used before. a(i),a(°°) are obtained by the formula (^2|) (or 
hmit cases) with the substitutions {xq^xi^Xoo) ^ {xi,xq,xqXi — Xoo), cr(°) ^ cr^^) and {xQ,xi,Xao) ^ 
(a^oo, —xi, xq — a^ia^oo), cr'^'' a^°°^ respectively. The behavior (p^) holds in a domain 



D{M;a^°^^) := {x G Pi\{oo} s.t. \x\ > M, e 



'} (98) 



where M > is sufficiently big; the behavior ( |96[ ) holds in 

i^(e;a(i)) :={a;e C\{1} s.t. < e, e-''i'^"|l - < |(1 



< e 



} (99) 



At a; = 1, a; = (X) we repeat the analysis we did above for x — 0, identifying y{x] xq, xi, Xoo) with 
a transcendent in elliptic representation with the same critical behaviors (by uniqueness of the critical 
behavior). Thus, we conclude that the transcendent y{x; xq, xi, Xoo) has a representation 



2/(x) = p(z.r^(°)+4%f +^;(°)) + 



at X = 0; it has a representation 



2/(x) = p(i.Wc.(^)+4^)c.W+«W) + 



1 + x 



1 + x 



at X = 1 and it has a representation 



where the parameters 1^2^ are obtained from 



1 + x 



cosTTz/^'^ ^^-l, < ^v^"^ < 1 {i^!^'> ^ 0), or 1 < ^ly^^' < 2 i = 0, 1, 00 

and the parameter is obtained from (|9^) for the choice < ^v^^ < 1 and from (|9j) for the 
choice 1 < SRi^j"' < 2. Moreover, exp{=Fi7ri/{^-'}, exp{±i7rj/j;°°-'} are given by formulae analogous to 

(H) with the substitutions {xq, xi, Xoo) 1-^ {xi, xq, xqXi — Xoc), 1^2^^ 
(xoc, —xi, Xq — xiXoo), 1^2^^ ^ ^2^^ respectively. 



1^2"^-' and {xa,xi,Xoo) 



Conversely, given 



y{x) = p{viUof\x) +V2^^2\^) +V^°\x\Vl,V2)) 



(0)/ 



1 + a; 



at X = 



(100) 



it coincides with y{x; a:o, xi, Xoo), with the following monodromy data 
If < 3iv2 < 1: 

xo = 2 cos {^^2^ 

/(j^2,Ai)G(j^2,M) ^ F^^^TTl^. 
4-"^ 2 e'^(''i-''2) G{v2,^Ji) 



Xi = 



where 

/('^2,Ai) 

If 1 < 3fii^2 < 2: 



2sin2 (fz/2) 



cos(7rz^2) + cos(27r/i) ' 



G(i^2,Ai) -4- 



^(l-f)' 



r(i-M-f)r(i + M 



Xo = 2 COS [j^V2 



Xi 



e 2 ' 



41-''^ 2 Gi(i/2,/i) 



41-2 2 fil^2,l^)Gi{u2,ll) 



e 2 ' 
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('^^-''i) 4^-"^ 2 Gi(z^2,m) 



41-2 2 /(z/2,/x)Gi(i/2,M) e*f(-2-.i) 
where 

1 r(f)^ 



(The limit cases are left as an exercise for the reader). After computing the monodromy data, we 
can write the elliptic representations of y{x; xq, xi, Xoo) at a; = 1 and x — 00. These are the elliptic 



representations at a; = 1, a; = 00 of ( |100| ). Thus, we have solved the connection problem for (100) 



We observed that there is a one to one correspondence between Painleve transcendents and triples 
of monodromy data (a;o, xi, Xoo), defined up to the change of two signs, satisfying Xi ^ ±2, i = 0, 1, 00 
(i.e. cr^'-' 7^ 1) and at most one Xi = 0. The cases when these conditions are not satisfied are studied in 
p^ . However, if Xi — ±2 (namely the trace is —2) the problem of finding the critical behavior at the 
corresponding critical point x = i is still open (except when all the three Xi are ±2: in this case there is 
a one-parameter class of solutions called Chazy solutions in p^). We conclude that the results of our 
paper (together with plus the results of ||2^ cover all the possible transcendents, except the special 
case when one or two Xi are ±2. We plan to cover this last case soon. 

8.3 Solution of the Connection Problem in the Generic Case 

We solve the connection problem for the elliptic representation in the generic case: 

fc, ^ z; "^-'f'^^"" , ±i±.,±e„±e. ^ ^ 

We show in the Appendix, following that if 9f),6x,0i, O^o ^ Z there is a one to one correspondence 
between transcendents and the monodromy data 6*0, 6*2;, 0i, 6*00, tr(MoMj;), tr(AfoAfi), tr(MiM2;) of the 
fuchsian system (|87|). For this reason we write 

y{x) = y{x- 60, 0„ 01, tr(MoM,), tr(MoAfi), tr(MiM,) ) (101) 

In the Appendix it is shown that for any value of a, [3, 7, (5, for any a 7^ 0, for any complex 
a ^ (—00, 0] U [1, +00) and for any additional real parameters < < 1, 'i?i,i?2 there exists a sufficiently 
small e and a transcendent y{x; cr, a) in the domain -D(e; ct) defined by (|9^). It has critical behavior 

y{x; (T, a) — aa;^^'^(l + higher orders) 

for a; along a regular path in D(e; cr). 

In the Appendix it is also proved that in the generic case a transcendent (101) associated to the 
monodromy data 0^,6x,0i,9ao, tr(MoMa;),tr(MoMi), tv{MiMx), coincides with a transcendent y(x]a,a) 
when X lies in the domain!? (e; a), a and a are obtained from the monodromy data by explicit formulae 

2cos(7rcr) = tr(MoA4) 

a ^ a(a;0o,0x,0i,eoo,tr(A/oM,),tr(MoMi),tr(MiM,)) 

The formula for a is rather long and complicated, and we do not need its explicit form here; therefore 
we refer to the Appendix for its computatio n. N ote that cr is defined up to cr i— > ±cr + 2n, n integer. We 
can fix < SRcr < 1; thus, a transcendent (|lOl| ) associated to the monodromy data coincides with the 
transcendents 

y(^x; ±cr + 2n, a(±cr + 2n; 6*0, 0^, 6*1, 6*00, tr(MoM,), tr(AfoMi), tr(MiM,)) 

in the domains D{cn \ ±cr + 2n) defined for sufficiently small e„ (note that only < cr < 1 is allowed if cr is 
real, and in this case no translation ±cr + 2n is possible). We observe that a depends on the monodromy 
data, but also explicitly on cr. Namely, it changes if we do cr i—> ±cr + 2n (being the monodromy data 
fixed). In the following, for brevity we write a = a{a), understanding the dependence on the monodromy 
data. 

We finally remark that in the Appendix the formula a = a(^a;9o,9x,9i, Ooo, tr(AroA/2;), tr(AfoAri), tr(AfiM2;)) 
is derived for any cr such that cr ^ (— oo,0] U [1, +00), but in |l5| also the case cr = is calculated. On 
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the other hand the cases Sftcr < and 5Rct > 1 are not considered in |T^, so we have included them in 
the Appendix. 

Conversely, we can start from y{x;a,a). Namely, for given Oq, 6^, 0i, Ooc and a, a, we can compute 
tr(Mo-Ma;), tT{MiMx), tr(MoMi) as functions of a, a, 9u {v — 0, x, 1, oo) by the formulae of the Appendix 
(in particular tr(MoMx) — 2 cos(7rCT)). So the transcendent y{x] cr, a) associated to ct, a will coincide with 
the transcendent (101) associated to the monodromy data. 

We claim the following: 

Let a ^ (— cx),0] U [l,+oo) and a 7^ 0. Let y{x) he a solution of PVI in the generic case such that 
y{x) — ax^~'' (1+higher order terms) as x Q in an open domain contained in D{e;a). Then, y(x) 
coincides with y{x;a,a). 

The claim is proved in Proposition Al in the Appendix. As a consequence, a transcendents y{x] a, a) 
coincides with a transcendents in elliptic representation with the same critical behavior. 

We fix the range of 1^2 and ct by < '3ti'2 < 2, < "Sicr < 1. If 3i^2 7^ 0, we consider a transcendent 



y{x) = p(^ViUJi{x) +V2(^2{x) +v{x;vi,V2)] L0i{x),UJ2{x) 

on the domain I?(r; vi, 1^2) ■ For a; it has behavior 

1 



1 + x 



x"^ (1 + higher orders ) . 

Thus it coincides with 

y{x; CT, a{a)) = a{a)x'^-'' (1 + higher orders ) if < 5Ri^2 < 1 (102) 

or 

yix] -CT, a(-CT)) = a(-CT)a;^+'" (1 + higher orders ) if 1 < 3?z^2 < 2 (103) 

where 

i/2 = l-CT, e^"""^ = -4a{cr)l6-'^ = -Aa{l ~ 1^2) 16"^''^ in case (|l0|) 

1^2 = 1 + cr, e'""' = -4a(-CT)16'" = -4a(l - V2) 16"^^^ in case ( |l03| ) 

We note that the corresponding domains ^{r; vi, V2) and D{t; ct) have non-empty intersection, therefore 
Proposition Al - namely the above claim - holds. If V2 is real, we consider a transcendent 



y{x) = p{viuji{x) +V2L02{x) +v{x;vi,V2); UJi{x),UJ2{x) 



1 + x 



3 

x"^ (1 + higher orders ) , if < 1^2 < 1 (104) 



or 



l + x 



y{x) = p{viuji{x) +V2^^2{x) +v{x;~vi,2~ V2); loi{x),uj2{x)^ + 



4 



16^2-1 



x^""^ (1 + higher orders ) , if 1< 1^2 < 2 (105) 
In both cases, they coincide with 

y{x] CT, a{a)) = a{(j)x^~'^ (1 + higher orders ) , < ct < 1 

where 



V2 = l-(T, e^"""^ = -4a(CT)16-'' ee -4a(l - (^2)16''""^ in case (|To|) 
1^2 = 1 + a, e"''"'^ = -4a(CT)16"'' = -4a(i^2 - 1)16^""^ in case ( p^ ) 
The above identifications give vi and 1^2 in terms of the monodromy data associated to a, ct. 
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Conversely, we can start from y{x;a,a) (0 < 5Rct < 1, cr 7^ 0, 1) and find its elliptic representation. 
This will be y{x) = p(^ViUJi + + v{x; vi, V2)^ + ^3^, < 'Rv2 < 1 (^^2 7^ 0, f ), with parameters 

V2 = l-(T, e""^ = -4a(CT) IQ-" 

Again (e; cr) and I?(r; z^i, 1^2) (or in T^o{'>') when 5(T = 0) have non empty intersection. Equivalently, 
according to the Observation 2 in the Introduction, y{x; cr, a) coincides with y{x) — pi^ioji + V2UJ2{x) + 

v{x\ —vi,2 — ^2)] + 1 < 5ft'2 < 2 (i>2 7^ 1, 2), with parameters 



The domain is now I?(r; — i^i, 2 — 1^2) which has non-empty intersection with -D(e; a). 

Answer to Question 2). We are ready to solve the connection problem. In the Appendix we show, 
following that 

y{x; eo,0^,9i,9oo,tr{MaM^),tT{MoMi),ti{MiM.^) ) = 
= a(°^a;^"'^*"' (1 + higher orders), a; ^ 
= 1-0^^^(1-2;)^-''*" (1+ higher orders), x^l (106) 

= a'^°°)a;'^'°°' (1 + higher orders), x ^ 00 (107) 

as X converges to the critical points along regular paths contained in domains D{e; a^'^^) defined in (po|), 
D{e;<T^^^) defined in (99), D{AI;<t^°°^) defined in (|9^ ) respectively. The parameters are computed in 
terms of the monodroniy data by 

2 cos(7rcr(")) = tiMoM^, 2 cos(7rcr(i)) ^ trMiAf^,, 2 cos(7rcr(°°)) = trAfoMi 

< 5Rcr« < 1, rrW ^ 0, 1, {i = 0, 1, c3o) 

The coefficients a'-°\ a(i), a(°°) are also given in terms of the monodromy data by explicit formulae which 
are rather long to write here. The procedure for their computation is explained in the Appendix. Note 
that here we denote cr, a introduced before with a^^\ a'^^K By uniqueness of critical behavior (claim 
above - or Proposition Al), the elliptic representation at x = 1 of ( |106| ) is y{x) — p{u[^^ uj[^'^ + i/g^^Wj^^ + 
vW{x;i^[^\4'^)) + ^, with 

= 1 - e-^'^i" = -4a(i)(l - i^i'^) 16'^'^"'-' (108) 

At a; = C30 the representation of ^) is y{x) = p{iy[°"^J^^ + 4°°'^^!^^ + w(°°)(a;; 1^^°°^ )) + 
with 

lyf^ = 1 - a^^\ = -4a(°°)(l - v^^^) 16''^°°'-i (109) 

Therefore, the solution of the connection problem is a follows. In the case '^vf^ ^ 0, let us start 
from an elliptic representation in 'D{r\ vf^ , 1^2"') close to a; = 0: 

y{x) = p(.("'-r^ + + .(°)(.; )) + ii^. (110) 

It must coincide with y{x; a^'^\ a^^\a^'^^)) or y{x]—a^'^\a^'^\—a^'^^)), according to the value of SRz^j"'' 
with paran 
start from 



with parameters identified by the formulae which follow (|102| ) and (|103| ). In the case '^v'^^ = 0, let us 



y{x) = p(.(")c.r + -f^u^f^ + v^'H^; -^"^)) + ^ < 4'^ < 1 (111) 
or 

yix) = p(.r-r + 4"'4"' + v^'H^; 2 - 4'')) + ^ K < 2 (112) 

They must coincide with y{x;(j,a) with parameters identified by the formulae which follow ( |104[ ) and 
(|105|) respectively. After these identifications, we compute monodromy data corresponding to a^">, a'-"-'. 
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and therefore we compute and from the monodromy data. FinaUy, we write the 

eUiptic representation of (106 ), (|107 ) with parameters (108) and ( |109D respectively. These are the elliptic 
representations of (110) (or (111), (112)) at x = 1 and x — co. This answers Question 2. 

Answer to Question 1). As for Question 1, we recall that y{x\ Oq, 9x,di, 6*00, tr(MoAfj:), ir{MoMi)tr(MiMx) 
has representations y{x; ±a + 2n, a(±CT + 2n)), n G Z, on different domains. Let us consider the family 
of transcendents in elliptic representation (at a; = 0) 

y{x) = p{v^{N)uj^ + [V2 + 2N] uj^ + v{x; v^{N),V2 + 2iV)) + 
= p{vi{N)ui + V2^^2 + v{x\vi{N),V2 + 2N)) + 

o 

where Vi = vi{N) means that vi changes with N. They are the elliptic representations of the same 
transcendent in different domains if and only if they coincide with 

y{x]a -2N,a{(j -2N)) iiQ<^V2<l, 



or 



y{x\-a ~2N,a{-(7 -2N)) if 1 < SRi/a < 2, 



where y(x; a — 2N, a{a — 2N)), or y{x; —a — 2N, a{—a — 2N)), correspond to the same monodromy data 
(i.e. they are representations of 2/ (x; 9o,9x,Oi,6oo,tT{MoAIx),tT{MoMi)tr{MiMrc) ))■ We can explicitly 
compute ( through the formulae of the Appendix) iyi{N) = function(A'^, i>2, viiN — 0)) from 

e'^'^'^^^'i = -4a(l -V2~ 27V)16'^^+2^-i 



as we did in ( |l02D and ( |l03| ). 

Remark: We have found the elliptic representations and the critical behaviors of 

y{x; 0o,0.,^i,eoo,tr(AfoM,),tr(AfoAfi)tr(MiM,) ) 

in the union of the domains 'D{rN] vi{N), V2+2N) (3i^2 7^ 0). However, some regions in the (In \x\, argx) 
plane, for x close to 0, are not included in the union. In these regions there may be movable poles (see 
figure |l|). 

In the generic case, we prove in the Appendix the one-to-one correspondence between transcendents and 
monodromy data. However, the condition (t^'^ 7^ 1, namely v'^'^ ~ 0,2, implies that we can not give the 
critical behaviors (and the elliptic representation) of 

y{x; 0o,ex,9i,9oo,tr{MoMx),tr{MoMi)tr{MiMx) ) 

at a; = for tr{MQAIx) = —2, at a: = 1 for tr{MiAIx) = —2, at a; = 00 for tr(MoMi) = —2. These cases 
have still to be studied. 

In the generic case we have also assumed a ^ Z; nevertheless, in the case cr'^*^ = (tr(AfiAfj) ~ 2) 
the critical behavior and the solution of the connection problem can be found in the paper Pq] by Jimbo. 



We note that the corresponding 1^2*'' should be equal to 1, but unfortunately the condition 1^2' 7^ 1 which 
we had to impose to study the elliptic representation (except for special cases like f3 — ^ = 1 — 25 — 0) 
did not allow us to know the analytic properties and the critical behavior of the elliptic representation in 
this case. We expect that the properties of u{x) are such to exactly produce the critical behavior found 
by Jimbo for cr'*) = 0, but we still have to cover this case. 



9 APPENDIX 

We give a brief account of the solution of the connection problem for the generic PVI, following [p^ , 
with the extension of the values of monodromy data for which the results apply. In the case 
|tr(AfiAfj)| > 2 is not considered, so we have to do it now. This extension is necessary to identify the 
transcendent with the elliptic representation. Such a generalization is proved exactly as in |pT| , to which 



48 



we refer for a detailed analysis of the non-generic case /3 = 7 = 1 — 2(5 = (already reviewed in section 
ID- 

The Painleve VI equation is the isomonodromic deformation equation of the fuchsian system (^7|). 
The Fuchsian system is obtained from the following Riemann-Hilbert problem. We fix 

6*0, Qx, di, doo ^ Z 

and monodromy matrices Mq, M^, Mi corresponding to the loops in the basis of figure^, with eigenvalues 
exp{±i7r6'i}, i = 0,a;, 1 respectively. At infinity, the monodromy is MiM^Mq, and we require that this 
has eigenvalues exp{±i7r0oo}- Having assigned the monodromy matrices and their eigenvalues, there 
exist 2x2 invertible matrices Cq, Cx, Ci, Coo such that 

M, = C-i exp|2^z(^| A)} ' = 0.^'l (113) 

MiM.Mo = exp \^2^i ^ ) } Coo 

In order to construct the fuchsian system, we have to find a 2 x 2 invertible matrix Y{z]x) holomorphic 
in P^\{0, X, 1, oo\ with the assigned monodromy at z = 0, 1, x, oo. We also fix the indices of the Riemann- 
Hilbert problem, namely we require that Y{z]x) be normalized as follows: 



2 " 



Y{z] x) = < 



(/ + o((i)) z\ -TJ a 

I 



oo J 



oo 



lG,{I + 0{z-i)) {z~i)\^ a, z 



(114) 



Here Gi are invertible matrices. The fuchsian system is obtained from 

A{z;x):^^^^^^Y{z;x)-' =^ A, = G, | | G"^ (115) 



The fuchsian system satisfies (88). We remark that we have to assume 9o,dx,&i, Ooc ^ Z, otherwise the 



general form of Y{z] x) would be different from (114) 



A 2 X 2 Riemann-Hilbert always has solution Q. In our case, the solution is unique, up to diagonal 
conjugation Ai i—> DAiD~^, where D is any diagonal matrix. To prove this fact, let G,y, C,j, v = 
0, X, 1, oo, be such that 

G-i exp {27r* I )] ^ e^v[^^^ ( | _1 ) } 



If follows that G^G~^ is any diagonal matrix. We denote Y and Y the solutions (114) with Gi, and 
G^ respectively. Since C,yC~^ is diagonal we conclude that Y Y^^ is holomorphic at z = 0, l,a;,oo. 
Therefore, being holomorphic on P^, it is a constant diagonal matrix D :— CoqG^. This proves 
uniqueness up to diagonal conjugation. We remark that if some [v = 0,a;, l,oo) is integer, the 
uniqueness may fail. The cases when this happens if/3 = 7 = l — 2(5 = are discussed in p^ . 

Once the Riemann-Hilbert problem is solved, we compute y{x) from A{z]x)i2 ~ 0. It is clear that 
y{x) depends on the monodromy data Mg, M^,, Mi, Oi, [v — 0, 1, a::,oo). Note that for any invertible 
matrix G we obtain the fuchsian system ( |115| ) from any Y{z] u)G. The solution Y{z] u)C corresponds to 
the monodromy matrices C~^MiG . This implies that y{x) depends on the invariants of Mi {i = 0, x, 1) 
with respect to the conjugation Mi i-^ C~^MiC. They are traces and determinants of the products on 
the Mi's. The determinants are 1, the traces of Mi are specified by the eigenvalues and the traces of the 
products Mi^Mi^.-.Mi^ for n > 2 are functions of the traces of Mi^Mi^. Hence: 

yix)=y{x; ^o, ^x, ^i, ^oo, tr(MoM,), tr(MoAfi), tr(AfiM,) ) 
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PVI is equivalent to the Schlesinger equations which ensure the isomonodromicity of the fuchsian 
system p^: 



dAo _ [A^.Aq] 
dx X 

dAi _ [Ax,A^] 
dx 1—x 

dA^ _ [A^,Ao] I [^i,^x] 
dx X 1 — x 



(116) 



The system (116) is a particular case of 

where the functions /^^ , g^i, , h^i, are meromorphic with poles at a; = 1 , oo and 

% 



(117) 



— ^ 

" 2 



System (116) is obtained for /^^ = g^^i, = h^/{a^ — xb^), h^n —Q^ni — 1, ^2 = 2, oi = &2 = 1, &i = 
and Bi = Ao, B2 = A^, Ai = Ai. 

Let cr be a complex number such that 

(J ^ (-00,0) U [l,+oo) 

and let us consider the domain ( pO| ) with additional parameters i^i, 1^2 G < ct < 1. In [jll] the 
reader can find the proof of the following lemma, which is a generalization in £)(£; cr) of page 262 

Lemma Al: Consider matrices (v = 1, ..,n2), A" (/t — 1, ..,nij anc? A, independent of x and such 
that 

j2buY.K--^^ 

= A, eigenvalues{A) — —, ~ ■^i cr ^ (— cx), 0) U [1, +cx)). 

V 

Suppose that /p^, g^j,, /i^i, are holomorphic if \x\ < e' , for some small e' < 1. 

F or any < (t < 1 and i)i , 1^2 i"eO'l there exists a sufficiently small < e < e' such that the system 
Ijlllj ) has holomorphic solutions Afj,{x), B^(x) in D{e;a) satisfying: 

\\A,ix)-Al\\<C\x\'--^ 

||x-^B,(x) x^ - Bl\\ < C \x\^-^' 
Here C is a positive constant and a < ai < 1 

Lemma A2: Let 600 7^ 0. Let r, s he two complex numbers not equal to zero. Let Gq be such that 

Go-iAGo = diag(|,-|), a^O 

The general solution of 

.4° + A!^ + yl°=diag(^-^,^^ , A° + Al=A, eigenvalues A, ^ ±^ {i^O,l,x) 



IS 



^0 = Go I I '^O ^ + TT' 

' a/3(;3+l-7)(7-l-a) 1 /3(7-a-l) / " 2 

(a-py^ s a-0 
a(7-a-l) _^ 



-(^8)21 



/3(/3+l-7) / 2 
ct-/3 
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where 



and 



-a + 90 + 6^ ^ (7 + 00 + 0^ 
a:= , fj:= , 7:=! 



a(/3+l-7) r \ ^ a{l-a-l) 



A = + -, A° = 

a/3(/3+l-7)(7-l-a) 1 /3(7~a-l) / 2' ^ \ /3(/3+l-7) I ' 2 

(q-/3)^ r a~f3 / \ V^J^l a-p 



Gn 



£(1+^-7) 1 

f3~a r 



where 



/3 := , 7:=l + cr 



2 ' ' 2 
(note that a,/9, 7 are not the coefficients of PVI. We apologize for using the same symbols.) 

Setting A{z; x)i2 = we obtain from Lemma Al and Lemma A2: 

yix) = -x^^^{l + 0{\x\'-^)) 

(^1)12 

= [^0 + Occ + <j] [-00 + 0. + ^] [00 + 0.-<j] [00 -0cc + a] - x'-^l + 0{\x\^)) (118) 

where A is a small positive number and x in D{e] a). Namely, we have the following theorem (for 
a detailed proof see |ll||): 

Theorem Al: Let 0oo 7^ 0. For any complex a ^ (— oo,0] U [1,+cx)), for any complex a 7^ 0, for 
any z?i,'i?2 G R and for any < (t < 1, there exists a sufficiently small positive e and a transcendent 
y{x;a, a) with behavior 

y{x;cr,a)=ax^~'' {l + 0{\x\^)) , < A < 1, (119) 

as 2: — > along a regular path in D{e; a). 

The above local behavior is valid along any regular path, with the exception, which occurs if Scr ^ 0, 
of the paths 9crarg(a;) = Sftcrlog \x\ + h, where b is a constant such that the path is contained in D{e; a): 
in this case the behavior is 

y{x;a,a) = sm'('-^lnx-'-\n{4a)^^\ x {1 + 0{\x\^)) (120) 



Note that we have excluded a = from Lemma A2 and therefore from Theorem Al. Such a case 
is however computed in ||l^ and so Theorem Al holds also for (7 = 0. On the other hand, in jl5j only 
< 5R(T < 1 is considered, thus Theorem Al is a generalization of the result of fisll . 

We assume in the following that 0^^ ^ Z, v ^ 0, x, 1, 00. We choose a solution of the fuchsian system 



dY 

dz 



Ao{x) ^ A^{x) ^ Ai{x) 
z z — X z — 1 



normalized as follows 
Y{z,x) 



I + O 



00, 



Ar, 



Y 



diag 



'00 



As a corollary of Lemma Al, the limits 



Y{z) := lim Y{z,x), Y{z) := lim x-^Y{xz,x) 

x^O x^O 



exist when a; — > in I?(e; a). They satisfy 



dY 

dz 



z - 1 



A 

z 



Y 



(121) 



(122) 



(123) 
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For the system (123) we choose a fundamental matrix solution normalized as follows 



Yn{z) =\^I + 

= (I + Oiz)) Co, z^O 
Gi{I + 0{z - 1)) (z - Ci, z^l 



(125) 



Where ^A^Gi = diag — Cq, Ci are connection matrices. For (124) we choose a fundamental 
matrix solution normalized as follows 



Yn{z) 



I + 0[ - 

z 



oo 



(126) 



= Go(/ + 0(z))zdiag(*--*) Co, 



= Gi(/ + 0{z - 1)) (z - l)diag(%,-%) ^ i. 

Here Gj^A^^Gi — diag (y, — y) and Cq, Ci are connection matrices. As it is proved in and in [pl| , 
we have: 

f(z) = Yn{z) 

Y{z) = Yn{z)Co (127) 
and, as a consequence of isomonodromicity, we have 



Afi = CrV^^ diag(^,-a)^^ 

Mo = Co-^Co-^e^^^ di^g(*--*)coCo 
= Co-iCr^e^- diag(%,-^)(=,^^^ 



(128) 

(129) 
(130) 



Th e co nnection matrices Co, Co, Ci can be computed explicitly because the 2x2 fuchsian systems 

123| ) (124) can be reduced to the hyper-geometric equation. 



Lemma A3: The Gauss hyper- geometric equation 



■^(1 ~ ^) ^ + [^0 - z{ao + /3o + 1)] 



dz 



is equivalent to the system 
dz 



1 











1 



z V -ao/3o -10 J z-lVO 70 - ao - /3o 







1 



(131) 



(132) 



where \I/ = 



2/ 



Lemma A4: 

such that 

Then 



Let Bq and Bi be matrices of eigenvalues 0, 1 — 7, and 0,7 — a — /3— 1 respectively, 
Bo + Bi = diag(-a,-/3), a ^ f] 

/ a(/3+l-7) 



Bo = 



C.-/3 ^1 
aj3(/3+1^7)(7-l-a) J_ j3(7-a-l) 
ri a—/? 



(a{7 — a — 1) 
-(Bo)21 



/3(/3+l-7) 

Q-/3 
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for any ri 7^ 0. 



We leave the proof as an exercise (note that a, /?, 7 are not the coefficients of PVI. We apologize for 
using the same symbols). The following lemma connects Lemmas A3 and A4: 



Lemma A5: The system (jlS^) with 

ao = a, /3o = /3 + l, 7o = 7. a^P 
is gauge-equivalent to the system 



dX 

dz 



Bo , Bi 

z 



z - 1 



X 



(133) 



where Bq, Bi are given in Lemma A4-. This means that there exists a matrix 



G{z) 



1 

a((a~/3)z+/?+l-7) J_ 
(3— a ri 







such that X{z) = G{z) "^{z). It follows that (13c ) and the corresponding hyper- geometric equation (131) 
have the same fuchsian singularities 0,1, 00 and the same monodromy group. 

Proof: By direct computation. □ 

Note that the form of G{z) ensures that if j/i, j/2 are independent solutions of the hyper-geometric 
equation, then a fundamental matrix of (133) may be chosen to be X{z) ^ ' ^^^^^ V^i^) 



Now we compute the monodromy matrices for the systems (123), (124) by reduction to an hyper- 
geometric equation. We assume 

fj ^ Z 



Let us start with ( 123 ). With the gauge Y^^'>{z) :— z 2 (z — 1) ^ Y]\i{z) we transform (123) into 



dY^ 

dz 



z- 1 



(134) 



We identify the matrices Bq , Bi of Lemma A4 with A — |- and A" — ^ . Therefore 



7 = 1 + cr 



(note that a — (3 — 600 7^ 0. Also note that Lemma A2 for A and ylj follows from Lemma A4 applied 
to (134)). The hyper-geometric equation connected to the present system through Lemma A3 has 
coefficients 



^+9l+<T 



1+0- 



/3o = l + - 
7o = o- + 1 

Therefore, according to the standard theory of hyper-geometric equations, the generic case occurs when 

Let F(a, b, c, ; z) be the hyper-geometric function. For o" ^ Z we have two independent solutions of the 
hyper-geometric equation 

y'f\x) = F(ao,/3o,7o; z) 
y^°\x) = z'-''°Fiao - 70 + 1, /3o - 7o + 1, 2 - 70; z) 
For 6*1 ^ Z we have also solutions 

y[^\z) ^ F{aQ,(3o,ao-\- Po + 1 - 7o; 1 - ^) 

yi'\z) = (1 - zr"-"''-f'"F{jo - f3o, 70 - ao, 1 + 70 - ao - /3o; 1 - z) 
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They are connected by 



Note that 



r(7o-ao-/3o)r(7o) r(7o-ao-ffo)r(2-7o) 
r(7o-ao)r(7o-/3o) r(l-Qo)r(l-/3o) 

r(ao+/3o-7o)r(7o) r(ao+A,-7o)r(2-7o) 

r(ao)r(/3o) r(ao + l-7o)r(/3o + l-7o) 



= Gi[/ + 0(z-l)] _ i)diag(o,-ei) ^^^^ 

From the behaviors of the hyper-geometric functions yf ^ for z ^ and y^^^' for z ^ 1 and for a suitable 
choice of Gi we obtain 

= Go ^Go - Gi 



Namely 

Gi(Go "'"C'o) = Goi 

This will be enough for our purposes (note that we did not use the hypothesis ^oo ^ Z). 



We turn to the system (|l24|) . With the gauge Y'-^^{z) z-^{z - 1)-* Gp ^fAr(z)Go we have 



dz 

where 



z z — 1 



y(2) 



-Bo — Go ^^0^0 ~ Y' -Bi - Gq M"Go - Y 



i?o and i?i are as in Lemma A4, with 



-cr + Oo + e.^ a + 00 + 6^ „ 
) P= 7\ > 7 = l + 6io 



(Lemma A2 for yl° and Aq follows from Lemma A4 applied to the present case). The corresponding 
hyper-geometric equation has coefficients 

70 = 1 + 6*0 

Therefore, according to the standard theory of hyper-geometric equations, the generic case occurs for 

^0, e,, a^Z 

and we can choose three couples of independent solutions 

y[°^ ^ F(q;o,/3o,7o;z) 



y(o) ^ ^1-70 + ao - 70, 1 + /3o - 70, 2 - 70; z) 

^ F{ao,f3o, ao + /?o + 1 - 70; ^ - z) 
= (1 - zy"-''«-P'>F{jo - ao,7o - /3o,7o + 1 - ao - /3o; 1 - z) 

( = z-"''F(ao, ao - 70 + 1, ao + 1 - /3o; 1) 
1 = z-*F(/3o, /3o + 1 - 70, /?o + 1 - ao; i 



They are connected by 



[yr\yn-[yr,y^'^n 



ooO 
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r(l+ao~/3o)r(l-7o) 
r(l-/3o)r(l+ao-7o) 



^iTTf3a r(l+/3o-ao)r(l-7o) 
r(l-ao)r(H-/3o"7o) 



-,.xf7n-l-an) r(l+ao-/3o)r(7o-l) .,r(7n-l-/3n) r(l+/?o-ao)r(7o-l) 
^ r(ao)r(7o-/3o) r(/3o)r(7o-Qo) 



r(7o-ao-,3o)r(l+ao-/3o) 
r(l-/3o)r(7o-/3o) 



r(7o-ao-/3o)r(l+/3o-«o) 
r(l-ao)r(7o-ao) 



^i7r(7n-<an-/3n) r(ao+/3o-7o)r(l+ao-/3o) ^i7r(7n-an-gn) r(ao+/3o-7o)r(l+/3o-ao) 



r(l+ao-7o)r(ao) ^ r(l+/3o-7o)r(/3o) 

Considering the asymptotic behavior of the hyper-geometric equations and of Y^^\z) at 2; = 0, 1, oo we 
obtain , , , , , s , s 

,(0) „,(0)\ /„,(!) „(!)■ 



y(2) = 



(00) c {00) 

yi TT^y2 



yi 2/2 \ , . / yi y2 

CqGo = \ \ CiGo 



Therefore 



1 



Co Go 





^ s 

We introduce the following matrices: 

1 



mo := 



c; 



ooO 







1+cr 

1 







1+cr , 



G'oooi GiGo 




G'ool 



27rt diag(%,-^ 



„2,r» diag(^,-%) ) (J, 



e'-' diag(^,-^) 



Co 



1 

,0 ITS 
1 







1+cr 



(135) 



(136) 



(137) 



From the above results, from the formulae ( |l2q ), ( |129D , (|130| ), and from the cyclic properties of the trace 
we obtain 

tr(MoMj;) = tr(TOoma;), tY{MiM.j,) = tr(mim2;), tr(MoAfi) = tr(momi) 



We note that in order for the F-functions to be non-singular we have to require (±cr±6'i ±6*00)72 ^ Z, 
(±(T ± ^0 i 9x)/'i ^ Z. Therefore, to summarize we define the generic case to be 



CT, ^0, dx, 9i, 9ao ^ Z; ^ -2 ^ Z 



(138) 



Computing the traces, we find 



tr(AfoM:r) = 2cos(7ro-) 
1 



tr(MiMo) = Fi(a, ^o, ^x, ^1, ^00) - + F^ia, 60,6,, 9^9^) + F^ia, 9o, 9,,9i,9^) s 



(139) 
(140) 



tr{M^Mi) ^ ~e-'^^Fiia,9o.9x,9i,9^) - + F4(a, 0o, ^x, ^i, ^oo) - e^""F3(a, 0o, ^x, ^1, ^oo) s (141) 

s 



where Fi{a, 9o,9x,9i,9ao) are long expressions which can be exphcitly computed from ( |135| ), ( |136| ), ( 137 ) 
in terms of F functions ( and trigonometric functions). We omit the explicit formulae because they keep 
some space; in any case, they are easily computed with a computer from ( |135| ), ( |136D , ( |137D . The first 
equation determines ct up to cr 1— > icr -I- 2n, n G Z. Once a is chosen, the last two equations determine 



e*'^'"tr(MiAfo) + tr(Af^Mi) ~ F4 - F2 
(■giTTcr _ e-^'^'^)Fi 



(142) 
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If we substitute s in the coefficient a given by ( |118| ) we get 

a = a{a; 00,9,, 0i, 0oo, tr(MoM,), tr(MoMi), tr(AfiAf,)) 
namely, we get the parameterization ^ 

y{x;a,a)^y{x; 0o, ^x, ^i, ^oo, tr(MoA4), tr(MoMi), tr(MiM,) ) (143) 



Remark: Formula (139) determines ct up to cr i-^ ±ct + 2n, n G Z. We can choose < SfJcr < 1 and 



therefore all solutions of (139) are icr + 2n, n G Z. For the given monodromy data, the transcendent 



( |143| ) has different representations 

y{x; ±a + 2n, a(±CT + 2n, 6lo, 6*^, 6ii, ^oo, tr(A/oM^), tr(A//oMi), tr(A/i Af^,)) 
on different domains -D(e„; ±cr + 2n) of theorem Al. 



Proposition Al: Let us consider the generic case (131 ) and let <j ^ (— oo, 0] U [1, +oo) and a 7^ 0. Let 



y(x) he a solution of PVI such that y{x) = ax^ (1+higher order terms) as x ^ Q in an open domain 
contained in D{e;a) of theorem Al. Then, y{x) coincides with y{x]a,a) of Theorem Al 

Proof: Observe that both y{x) and y{x] a, a) have the same asymptotic behavior for x — s- in D{a). Let 
Aq{x), Ai{x), Ax{x) be the matrices constructed from y(x) and Aq{x), Al{x), Al.{x) constructed from 
y{x; cr, a) by means of the formulae of the Appendix C of |17| . It follows that Ai{x) and A* (x), i — 0,1, x, 
have the same asymptotic behavior as x — > 0. This is the behavior of Lemma Al. Therefore, according 
to the construction above (reduction to the hyper-geometric equation) Aq{x), Ai{x), Ax{x) and Aq{x), 
Ai{x), A*(x) give the same monodromy. The solution of the Riemann-Hilbert problem for such mon- 
odromy is unique, up to diagonal conjugation of the fuchsian systems. Therefore Ai{x) and A*{x), i = 
0, 1, X are at most diagonally conjugated and [A{z; x)]i2 = and [A*(z; x)]i2 = give y{x) = y{x; a, a). 

□ 



CONNECTION PROBLEM: We explain how to solve the connection problem for the transcendent 
y{x;a, a). 

[x = 00] ; Let 

t := -, y{x) -. - y[t) 
X t 

Then y{x) solves PVI with parameters 6*0, Ox, ^oo if and only if y{t) solves PVI (with independent 
variable t) with parameters 

{Of), 9t, 61, 600) ■= [Oq, 61, Ox, 600) (144) 

Namely, 61 and 0^ are exchanged. From Theorem Al if follows that there exists a solution y{t; (t(°°\ a'°°-') = 
^(oo)^i-a<°°) _^ 0{t^)) for t 0. Therefore, PVI in variable x has a solution 

y{x)^a^°"^x''^°"\l + 0{x-^)), x^oo 

in 

D{M;a^°°^;di,^2,^) := {x € C\{^} s.t. \x\ > M, e"^!^"*""' Ixp* < jx""'""' | < 6"''=®'^'°°' 

< CT < 1} 

where Af > is sufficiently big and < A < 1 is small, 
[x = 1]: Now let 

t:^l-x, y{x) 1 ~ y{t) 

Then y{x) satisfies PVI with parameters ^o, Ox, Oi, O^o if and only if y{t) solves PVI (with independent 
variable t) with parameters 

{Oo,9t,Ol,Oac) ■= {0l,6x,0o,6ao) (145) 
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Figure 3: The basis of loops for the system in z and for the system in z. In parenthesis are the poles 
of out of parenthesis the poles of z. The left figure corresponds Xo t — Xj z = tz. The right figure 
corresponds Xo t— X~ z = 1 — z. The dotted loops are for the system in z, the others for the system 



Namely, and 9i are exchanged. From Theorem Al if follows that there exists a solution y{t] a'^^^ , a*^^^ ) 
^(i)^i-o-(i) 0{t^)) for t 0. Therefore, PVI in variable x has a solution 



yix) = 1 - a(i)(l - a;)!-"*'' (l + 0((1 - x)^)) 



D(e;a(i);i?i,i?2,^) := {2: € C\{1} s.t. \1 - x\ < e, e-"^"""]! ~ x]-" < HX-x)""'] < e 

< CT < 1} 

Let us examine how the monodromy data change. 
\x = 00]; In the fuchsian system ( |121| ) we put ^ = \ and z := tz. We get 

'Aq , , Al 



dY 

dz 



z z — 1 z — t 



Y 



Therefore z — X,x have been exchanged and correspond Xo z — t, 1. The monodromy matrices Mq, Mt, 
Ml c orresponding to the loops ordered as in figure |3| with t instead of x are related to Mq, Mi, of 
(121) in the basis of figure ||: 



Afo = Mo, M, = Mt-'MiMt, Mi = Mt 

If we introduce the convenient notation 

To tr(AfoM,), Ti := tr(MiM,), tr(MoMi) 

we have ^ _ , ^ _ 

To = XriMaMf^^ MiMt) 

Ti^fi 

Too — Tq 

where Ti — Xr(MiMt), etc. Now we observe that 

XT{MoMf^MiMt) = 4[cos(7r^oo) cos(7r^t) + cos(7r^o) cos(7r^i)] - tr(MiMo) - Xr{MiMt)XT{MoMt) 
This follows from the identity 

Xt{AB) = Xr{A)Xr{B) - tr(AB"i), A, B 2 x 2 matrices , det(S) = 1 
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and from 



tr(MiMtAfo) = e 



tr(Afi 



% i = 0, a;, 1 



Therefore, recalling (144), we conclude that 



2o — Too 
f 1 = Ti 

Too — 4[cos(7r6'oo ) cos(7r6li) + cos(7r6l:r) cos(7r6'o)] - (Tq + TiT^c) 

Therefore the parameterization of terms of the monodromy data 0^ {v = 0, x, 1, oo). To, 

Ti, Too is obtained as follows. As for ct(°°) we get if from 

2C0S(^(7(°°)) =Too 

As for a(°°), we compute if from the formulae (|l42|) (|ll§|) with the substitutions ^ 



To ^ Too, Too ^ 4[cos(^0oo) cos(^0i) + cos(7r0,) cos(^0o)] - (To + TiTo< 



[x = 1]: If we put x=\ — t^z = \ — z, the system (121) becomes 

dY _ \Ai , Ao A 
dz 



Y 



z z ~ 1 z — t 

Therefore z = 0, 1 have been exchanged. The monodromy matrices Mq, Mt, Mi are 

Mo = Ml, M:r = MiMtMj^^, Ml = MiMtMoM'^M^^ 
As above, this implies that 

To -Ti 
Ti =To 

Too - 4 [cos(7r0oo) cos{7:9,) + cos(7r0o) cos(7r0i)] - (Too + ToTi) 
Therefore, we obtain cr'-^-' from 

2cos(7rcr(i)) =Ti 
and a*-^-* from the formulae (142) (118) with the substitutions ^: 



Co > oi, ci 1-^ Po 

To Ti, Ti To, Too ^ 4 [cos(7r0oo) cos(^^,) + cos(^0o) cos(7r0i)] - (Too + ToTi) 

This solves the connection problem for y(x; a, a), which is the representation close to a; = in D{e; a) 
of y{x;9o,9x,Oi,9oo',To,Ti,Too) for monodromy data computed through (|l39| ), ( |l40| ), (141). From the 
monodromy data we can compute a'^^^cr^^^ a^°°\a''°°'> as we just explained above. Therefore y{x;a,a) 
has representations in some D{e; ct^^^) and D{M; ct^°°^) at a; = 1 and x — oo respectively, with parameters 



NOTES 



NOTE 1: Frobenius manifolds are the geometrical setting for the WDVV equations and were introduced 
by Dubrovin in They are an important object in many branches of mathematics like singularity 
theory and reflection groups |Q |Q Q , algebraic and enumerative geometry |l^ ||2l| . 



NOTE 2: The hmit of a, for 9o,9i,9x ^ 0, 9ao — 2^, computed from the formula (142), exists and it 
coincides with (p3)! 
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NOTE 3: The substitutions we have obtained now reduce to {xo,Xi,Xao) '-^ (a^oo a^o — XiXao) in 
the non-generic case /3 = 7 = 1 — 25 = 0. 

NOTE 4: The substitutions we have obtained now reduce to (a;o,a;i,a;(x)) i— * (a;i,a;o,a;oa;i — Xoo) in the 
non-generic case /3 = 7=1 — 25 = 0. 
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